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Abstract 



We study a natural g-analogue of a class of matrices with noncommutative entries, which 
were first considered by Yu. I. Manin in 1988 in relation with quantum group theory, 
(called Manin Matrices in [5j) . These matrices we shall call g-Manin matrices(qMMs). 
They are defined, in the 2x2 case, by the relations 

M 21 M 12 = qM 12 M 2U M 22 M l2 = qM 12 M 22l [M 11} M 22 \ = q~ l M 21 M l2 - qM 12 M 21 . 

They were already considered in the literature, especially in connection with the g-Mac 
Mahon master theorem [16], and the g-Sylvester identities [25J. The main aim of the 
present paper is to give a full list and detailed proofs of algebraic properties of qMMs 
known up to the moment and, in particular, to show that most of the basic theorems 
of linear algebras (e.g., Jacobi ratio theorems, Schur complement, the Cayley-Hamilton 
theorem and so on and so forth) have a straightforward counterpart for g-Manin matrices. 
We also show how this classs of matrices fits within the theory of quasi-determninants of 
Gel'fand-Retakh and collaborators (see, e.g., [II])- In the last sections of the paper, we 
frame our definitions within the tensorial approach to non- commutative matrices of the 
Leningrad school, and we show how the notion of g-Manin matrix is related to theory of 
Quantum Integrable Systems. 

Key words: Noncommutative determinant, quasidetermininant, Manin matrix, Jacobi 
ratio theorem, Newton identities, Cayley-Hamilton theorem, Schur complement, Dodg- 
son's condensation, Lax matrix, R-matrix. 
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1 Introduction 

It is well-known that matrices with generically noncommutative elements play a basic role 
in the theory of quantum integrability as well as other fields of Mathematical Physics. In 
particular the best known occurrences of such matrices (see, e,g, [3 [H] and the references 
quoted therein) are the theory of quantum groups, the theory of critical and off-critical 
phenomena in statistical mechanics models, and various instances of combinatorial prob- 
lems. More recently, applications of such structures in the realm of the theory of Painleve 
equations was considered [36]. The present paper builds, at least in its bulk, on the results 
of [5] . In that paper, a specific class of non-commutative matrices (that is, matrices with 
entries in a non commutative algebra - or ring) were considered, namely the so-called 
Manin matrices. This class of matrices, which are nothing but matrices representing lin- 
ear transformations of polynomial algebra generators, were first introduced in the seminal 
paper [30] by Yu. I . Manin, but they attracted sizable attention only recently (especially 
in the problem of the so-called quantum spectral curve in the theory of Gaudin models 
|10j). The defining relations for a (column) Manin matrix M^- are: 

1. Elements in the same column commute; 

2. Commutators of the cross terms are equal: [My, M ki ] = [M k j, M it ] (e.g. [Mn,M 2 2] = 
[M 21 ,M 12 ]). 

The basic claim, fully proven in [5] is that most theorems of linear algebra hold true for 
Manin matrices (in a form identical to that of the commutative case) although the set 
of Manin matrices is fairly different from that of ordinary matrices - for instance they do 
not form a ring over the base field. Moreover in some examples the converse is also true, 
that is, Manin matrices are the most general class of matrices such that "ordinary" linear 
algebra holds true for them. Apart from that, it is important to remark that the Manin 
matrix structure appears, as it was pointed out in [4] in many instances related with 
the theory of Quantum integrable systems, namely the theory of integrable spin chains 
associated with rational R matrices. The basic aim of the present work is to extend our 
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analysis to a class of matrices, which we call q-Manin matrices, whose defining relations 
are in some sort the g-analogues of the ones for Manin matrices. Namely, they read as: 

1. Entries of the same column g-commute, i.e., M^M^j = Q~ l Mf : jM i j 

2. The g-cross commutation relations: M^M^i — M^M^ = q~ l MkjMn — qMnM^j, (i < 
k,j < I) hold. 

These defining relations, which, as an expert reader has surely already remarked, can 
be considered as a "half of the defining relations for the Quantum Matrices, that is, 
for the elements of the quantum matrix group GL q (N). These matrices were already 
introduced in the literature; indeed they were considered in the papers [161 EZ] (under the 
name of right quantum matrices), where the g-generalization of the Mac-Mahon master 
theorem was proven in connection with the boson-fermion correspondence of quantum 
physics. Their results (as well as the analysis of the g-Cartier Foata type of matrices) were 
generalized in [22]. A multiparameter right-quantum analogue of Sylvester's identity was 
found in [21], also in connection with [22]- It is worthwhile to remark that a super- version 
of the Mac-Mahon master theorem as well as other interesting consequences thereof was 
discussed in [M] . 

We would like also to remark that in works of Gel'fand, Retakh and their co-authors 
(see, e.g., [T7J [TSJ 120]) a comprehensive linear algebra theory for generic matrices with 
noncommutative entries was extensively developed. Their approach is based on the funda- 
mental notion of quasi- determinant. Indeed, in the "general non-commutative case" there 
is no natural definition of a "determinant" (one has n 2 " quasi-determinants" instead) 
and, quite often, analogues of the proposition of "ordinary" linear algebra are sometimes 
formulated in a completely different way. Nevertheless it is clear that their results can be 
fruitfully specialized and applied to some questions here; indeed, in Section [3] we make 
contact with this theory, and, in Appendix [B] we give an example of how this formalism 
can be applied to g-Manin matrices. However, in the rest of the paper, we shall not use 
the formalism of Gel'fand and Retakh. preferring to stress the similarities between our 
case of g-Manin matrices with the case of ordinary linear algebra. 

Here we shall give a systematic analysis of g-Manin matrices, starting from their basic 
definitions, with an eye towards possible application to the theory of g-deformed quantum 
integrable systems (that is, in the Mathematical Physics parlance, those associated with 
trigonometric R- matrices) . The detailed layout of the present paper is the following: 

We shall start with the description of some elementary properties directly stemming 
from the definition of g-Manin matrix in Section [21 In particular, we shall point out that 
g-Manin matrices can be considered both as defining a (left) action on the generators of a 
g-algebra, and as defining a (right) action on the generators of a g-Grassmann algebra. We 
would like to stress that these properties, albeit elementary, will be instrumental in the 
direct extension of the "ordinary" proofs of some determinantal properties to our case. In 
Section [3] and HI after having considered the relations/differences of the g-Manin matrices 
with Quantum group theory, we shall recall in Section the definition of the g-determinant 
and of g-minor of a g-Manin matrix. In particular, we shall state and prove the analogue 
of the Cauchy-Binet theorem about the multiplicative property of the g-determinant. We 
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shall limit ourselves to consider the simplest case (of two g-Manin matrices with the 
elements of the first commuting with those of the second). We would like to point out 
that a more ample discussion of (suitable variants of) the Cauchy Binet formula and the 
Capelli identity in the noncommutative case can be found, besides [5], in [5] and in the 
recent preprint j3]. 

Moreover, we shall discuss how the Cramer's rule can be generalized in our case, and 
prove the Jacobi ratio theorem and the Lagrange-Desnanot-Jacobi-Lewis Carroll formula 
(also known as Dodgson condensation formula). Also, we shall anticipate how the notion 
of g-characteristic polynomial (whose properties will be further discussed in Section [5]) for 
a g-Manin matrix M should be defined. It is worthwhile to note that this is a specific 
case in which the g-generalization of some "ordinary" object requires a suitable choice 
among the classically equivalent possible definitions. Indeed, the meaningful notion of 
g-characteristic polynomial is referred to the weighted sum of the principal g-minors of 
M. 

Then we shall show a fundamental property of g-Manin matrices, that is, closedness 
under matrix (g)-inversion. We shall then state the analogue of Schur's complement 
theorem as well as the Sylvester identities. Further, a glance to the g-Pliicker relations 
will be addressed (see, for a full treatment in the case of generic non-commutative matrices, 
the paper [26]). 

The aim of Section is twofold. First we shall show, making use of the so-called 
Pyatov's Lemma, how the theory of g-Manin matrices of rank n can be framed within the 
tensor approach of the Leningrad School, i.e. interpreting g-minors and the g-determinant 
as suitable elements in the tensor algebra of C n . This approach will be helpful in reaching 
the second aim of the section, that is, establishing the Cayley-Hamilton theorem and the 
Newton identities for g-Manin matrices. 

Section [H] shows, using the formalism introduced in Section El how the theory of q- 
Manin matrices fits within the scheme of the Quantum Integrable spin systems of trigono- 
metric type. We shall first show that, if L(z) is a Lax matrix satisfying the Yang-Baxter 
RLL = LLR relations (Eq. 16. 5j) with a trigonometric i?-matrix R, then the matrix 

M = L(z)q~ 2z &, 

is actually a g-Manin matrix, and, moreover, that the quantum determinant of L(z) defined 
by the Leningrad School (see, e.g., [13]) coincides with the g-determinant of the associated 
g-Manin matrix M. Then, generalizing the corresponding construction of (U \5\ , we shall 
show how an alternative set of quantum mutually commuting quantities can be obtained 
considering (ordinary) traces of suitably defined "quantum" powers of M. 

The Appendix contains two subsections. The first is devoted to the detailed proof of 
the most technical Lemma of Section [5j which we extensively use in Section |6j In the 
second, we shall give an alternative proof of the Dodgson condensation formula making 
use of the formalism similar to that of quasi-determinants. 

As a general strategy to keep the present paper within a reasonable size, we shall 
present detailed proofs only in the case when these proofs are substantially different from 
the "non-g" (that is, g ^ 1) case. Otherwise, we shall refer to the corresponding proofs 
in 0. 
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2 g-Manin matrices 

2.1 Definition of g-Manin matrices 

Let M be a n x m matrix with entries M^- in an associative algebra D\ over C and let q 
be a non-zero complex number. The algebra is not commutative in general, so that the 
matrix M has non-commutative entries. 

Definition 1. The matrix M is called a q— Manin matrix if the following conditions hold 
true: 

1. Entries of the same column q-commute with each other according to the order of the 
row indices: 

Vj, i < k : MijMkj = q^M^M^, (2.1) 

2. The cross commutation relations: 

Vi<k,j<l: M ij M kl - MkMj = q^M^Mu - qM a M kj (2.2) 

hold. 

The defining relations for g-Manin matrices can be compactly written as follows: 
M tj M kl - q^-Vq-^^MkMj = q S9n ^ k) M kj M a - q- s ^^M u M kj , (2.3) 
for alH, k — 1, . . . , n, j, I — 1, . . . , m, where we use the notation 

{+1, if k > 0; 
0, if k = 0; (2.4) 
-1, if k < 0. 

Indeed, for j = I and i ^ k one gets the column g-commutativity (12. ip . while for j ^ I and 
i k one gets the cross commutation relations ( 12 .2p and for i = k one gets an identity. 

Remark 2.1. Definition [1] can be reformulated as follows: the matrix M is g-Manin 
matrix if and only if each 2x2 submatrix is a g-Manin matrix. More explicitly, for 
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any 2x2 submatrix (M^j^ki)), consisting of rows i and k, and columns j and / (where 
1 ^ i < k ^ n, and 1 ^ j < I ^ m) 



V 





■ M a 


M kj . 


■ M kl 



\ 



J 



( 



b 
d 



\ 



J 



(2.5) 



the following commutation relations hold: 

ca = qac (g-commutation of the entries in the j-th. column), 



(g-commutation of the entries in the l-th column), 
(cross commutation relation). 



(2.6) 
(2.7) 
(2.8) 



db = qbd 
ad — da = q~ x cb — qbc 

Examples: 

• Let D\ be the algebra generated by a,b,c,d over C with the relations (12 .6|) . ( 12. 7J , 
(or be an algebra containing some elements a, b, c, d satisfying these relations). 



Then the matrix 



is a g-Manin matrix (over 9i). 



M 



a b 
c d 



(2.9) 



Let us consider n elements Xi G 1H, i = 1, . . . ,n that g-commute: 

for i < j (e.g. we can consider the algebra Dl generated by Xi with these relations). 

Then the column-matrix 

/ X! \ 

X 2 



M 



can be considered a g-Manin matrix. 



(2.10) 



The elements from the same row of a g-Manin matrix are not required to satisfy 
any relations. So an arbitrary 1 x n matrix M = (r 1; . . . ., r n ) can be considered as 
a g-Manin matrix. 

If some elements rrii g-commute, i.e. rriimj = q^mjrrii, i < j, then the matrix 

/ rrii mi \ 
m 2 m 2 



V 



(2.11) 



m n m n ) 

is a g-Manin matrix. The cross-commutation relation ( 12 .2ft follows from g-commutativity 
in this case. Moreover, if g ^ — 1 then the cross-commutation relations (12. 2p for this 
matrix implies g-commutativity of mj. 
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Consider elements Xi, r*j G 91, i — 1, 
[x^Tj] = Vz, j. Then the matrix 



n, such that XjX,- = g for z < j and 



M 



/ X\T\ X\T 2 

x 2 ri x 2 r 2 



x 2 r m 



%2 



( ri r 2 



(2.12) 



is a g-Manin matrix. This fact can be easily checked by direct calculation. 

We refer to [I], [5], [7], [39] for examples of g-Manin matrices for q = 1 related to 
integrable systems, Lie algebras, etc. In the q = 1 case the g-Manin matrices are 
simply called Manin matrices. 

Let C[x,y] be the algebra generated by x,y with the relation yx = qxy. Con- 
sider the operators d x ,d y : C[x, y] — > C[x,y] of the corresponding differentiations: 
d x (x n y m ) = nx n ~ 1 y m , d y (y m x n ) = my m ~ 1 x n . Note that we have the following 
relations in End(C[x, y\): d y d x = qd x d y , d x y = qyd x , d y x = q~ l xd y , [d x ,x] = 
[d y ,y] = 1, q 2ydy d y q~ 2ydy = q~ 2 d y , where q ±2y£> y = e ±21og(g) ^ are operators acting 



as q ±2 y 9 y{x n y m 



2m x n y m . Then the matrix 



M 



x q 1 q 2ydy d y 
q~ 2ydy d x 



(2.13) 



is a g-Manin matrix. 



• Examples of g-Manin matrices related to the quantum groups Fun q (GL n ) and 
U q (Ql n ) will be considered in Subsections 12.41 and 16.11 respectively. 

Remark^. 2. If an n x m matrix M is a g-Manin matrix, then the nxm matrix M with 
entries My = M n _j +l m _j +1 is a g _1 -Manin matrix. For example, if M is the matrix (12. 9p 
then we obtain the following g _1 -Manin matrix: 



M 



d c 
b a 



(2.14) 



Let us note that matrices obtained by permutations of rows or columns from g-Manin 
matrices are not g-Manin matrices in general. 



2.2 Linear transformations of g-(anti)-commuting variables 

The original definition of a Manin matrix [2D], for the case q = 1, was that of a matrix 
defining a linear transformation of commuting variables - generators of the polynomial 
algebra - as well as for a linear transformation of anti-commuting variables - generators of 
the Grassmann algebra. This was largely used in (U |5] . Let us consider here an analogous 
interpretation of the g-Manin matrices. 
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Let us first introduce a g-deformation of the polynomial algebra and a g-deformation 
of the Grassmann algebra. Define the q-polynomial algebra C[x\, . . . , x m ] as the algebra 
with generators and relations 

for i < j. These relations can be rewritten in the form 

XiXj = q S9n( - l ~fixjXi, i,j = 1, . . . ,m. (2.15) 

The elements Xi are called q-polynomial variables. Similarly define the g-Grassmann 
algebra C[^i, . . . , ip n ] as the algebra generated by ipi, % — 1, . . . , n, with relations ipf = 
for i = 1, . . . , n and ipiipj = —qipjipi, for 2 < j; that is 

= -q~ sgn{l - j) ^A, hJ = 1, ... ,7i. (2.16) 

The elements ^ are called q- Grassmann variables. 

Let M be a rectangular n x m-matrix over 91. We can always suppose that 91 contains 
the g-polynomial algebra C[xi, . . . ,x m ] and the g-Grassmann algebra C[ipi, . . . ,ip n ] as 
subalgebras such that the elements of these subalgebras commute with the entries of M: 
[xj, M pq ] = [if)i, Mki] = for all i, k = 1, . . . , n and j,l = 1, . . . , m. Indeed, if £R does not 
contain one of these algebras we can regard the matrix M as a matrix over the algebra 
91(g) C[x±, . . . , x m ] tg) C[0i, . . . , Vy]> where the elements of different tensor factors pairwise 
commute. 

Proposition 2.1. Let the entries of a rectangular n x m matrix M commute with the 
variables x±, . . . , x m and ipi, . . . , ip n . Consider new q-polynomial variables x\, . . . , x n G 91 
an<i new q-Grassmann variables ipi, . . . ,ip m G 91 obtained by left (right) 'action' of M on 
the old variables: 




(2.17) 



/ Afn - M im \ 
(^ 1 ,...,^ m ) = (^ 1 ,...,^ n ) ... , (2.18) 

\ M nX ... M nm J 

Then the following three conditions are equivalent: 

• The matrix M is a q-Manin matrix. 

• The variables Xi q-commute: XiXj = q sgn<yt ~^XjXi for all i, j = 1, . . . , n. 

• The variables ipi q-anticommute: ipiipj = —q~ S9n ^ l ~^ipjipi for all i, j = 1, . . . , m. 

Example 2.1. Let X\,X2,ipi,ip2 G 91 be elements such that X1X2 = q~ x xiX\, ip\ip2 = 
—qip2ipi, ipi = ip\ = 0. In the case n = 2 the formulae (12.1 7p . (I2.18P take the form 

X\ = axi + bx 2 , ipi = aipi + cip 2 , (2-19) 

x 2 = cxi + dx 2 , 1P2 = bipi + dip 2 , (2.20) 
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where a,b,c,d £ are elements commuting with X\,X2 and with ^i,ip2- The matrix 
M = (cd) i s <?-Manin if and only if X1X2 = q~ 1 X2Xi, or if and only if ^1^2 = —Q^i'i and 

4>! = & = 0. 

Both factors of the algebra 9^ <S> C[xi, . . . ,x n ] have a natural grading, and so q- 
Manin matrices can be interpreted as matrices of grading-preserving homomorphisms 
C[xi, . . . , x n ] — > y\ <S> C[x±, . . . , x n ] with respect to the variables Xi, and/or matrices of 
grading-preserving homomorphisms C[ipi, . . . , ip n ] — > JH (g) Cf^i, . . . , ^> n ] with respect to 
the variables 

Remark 2.3. The conditions ipf = are equivalent to the relations (12. ip and the condi- 
tions V'jV'j — ~Qi J ji J ij i < J; are equivalent to the relations (12. 2p . 

2.3 Elementary properties 
Proposition 2.2. JTie following properties hold: 

1. Any submatrix of a q-Manin matrix is also a q-Manin matrix. 

2. Any diagonal matrix with commuting entries is a q-Manin matrix. 

3. If M and N are q-Manin matrices, then M + N is a q-Manin matrix if and only if 

M tJ N kl - - q S9n{i ~ k) M kj N u + q- s ° n ^M u N kj + (2.21) 

+ N l3 M kl - q"rti-h) q -9nU-i) NklMi . _ tfrti-k) Nk . Mil + g-^O'-O Na M kj = 0, 

for all i,j,k,l — l,..., n; in particular, if 

M l3 N kl = q s ^-^q-^U-D NklMiv ( 2 . 2 2) 

for all i,j,k,l = l,...,n then M + N is a q-Manin matrix; 

4. The product cM of q-Manin matrix M and a complex constant c £ C is also a 
q-Manin matrix. 

5. The product of q-Manin matrix M and a diagonal complex matrix D from the left 
DM as well as from the right MD is also a q-Manin matrix. 

6. Let M and N benxm and mxr q-Manin matrices over an algebra 91 such that their 
elements commute, i.e. [My, N kL \ = 0, i = 1, . . . , n, j,k = 1, . . . , m, I = 1, . . . , r, 
then the product MN is a q-Manin matrix. 

Proof. The first two properties (P and [2]) are obvious. To prove property [3] one should 
write the relations (I2.3P for M + N. Taking into account the relations (12.31) for M and iV 
one arrives to the relation (12.211) . The condition (12.221) implies the condition (I2.2ip . 

The properties H] and [5] are particular cases of the property [6j To prove the last 
one we consider g-commuting variables Xi, i = 1, . . . ,r, commuting with M and N: 

1 One can just as well use g-Grassmann variables ipi. 
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XiXj = q S9n ^~^XjXi, [Mij,xi\ = [Nij,xi] = 0. Due to Proposition 12.11 new variables 
xjf = 5^1=1 NkiXi, k — 1, . . . , m, g-commute: xfx 1 ^ = q S9n ^^'X^xf ' . Since [Mjj,xf] = 
we can apply Proposition 12.11 to the matrix M and the variables x^ - the variables 
x mn = Y™ =1 M ijX f } i = 1, . . .,n, also g-commute: xf N xf N = q sgn(i-j) x MN x MN _ Thenj 

the formula = ^[ =1 (AfJV),|X| and Proposition 12.11 imply that MN is a g-Manin 

matrix. □ 

Remark 2.4. If M and iV are matrices over the algebras *Rm an d 9^tv respectively we 
can consider M and N as matrices over the same algebra <E> £Hat and we then have 
the condition [My, Nm] = for all k, I. 



2.4 Relations with quantum groups 

One can also define g-analogues of Manin matrices characterizing the connections to 
quantum group theory. Actually g-Manin matrices are defined by half of the relations 
of the corresponding quantum group Fun q (GL n j^ ([I3])- The remaining half consists of 
relations insuring that M T is also a g-Manin matrix, where M T is the transpose of M. 

Definition 2. Annxn matrixT belongs to the quantum group Fun q (GL n ) if the following 
conditions hold true. For any 2x2 submatrix (Tu^^), consisting of rows i and k, and 
columns j and I (where 1 < i < k < n, and 1 < j < I < n): 



( 



\ 



T ■ 


■ T u 


T kj . 


■ T k i 



\ 



J 



( 



b 
d 



\ 



the following commutation relations hold: 



(2.23) 



ca = 


qac, 


(q- commutation of the entries in a column) 


(2.24) 


db = 


qbd, 


(q- commutation of the entries in a column) 


(2.25) 


ba = 


qab, 


(q- commutation of the entries in a row) 


(2.26) 


dc = 


qcd, 


(q- commutation of the entries in a row) 


(2.27) 


ad — da = 


+g" 


l cb — qbc, (cross commutation relation 1) 


(2.28) 


be = 


cl>. 


(cross commutation relation 2). 


(2.29) 



As quantum groups are usually defined within the so-called matrix (Leningrad) for- 
malism, let us briefly recall it. (We will further discuss this issue in Section EJ). 

Lemma 2.3. The commutation relations for quantum group matrices can be described in 
matrix (Leningrad) notations as follows: 



R(T ® 1)(1 ® T) = (1 ® T)(T <g> 1)R, 



(2.30) 



2 More precisely we should write Fun q (M&t n ), since we do not localize the g-determinant. 
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The R-matrix is given, in the case we are considering, by the formula: 



R = q~ l E«®E« + E ii ®E, jj + (q~ 1 -q) E H ® E ^ ( 2 ' 31 ) 

i,j=l,..,n;i^=j i,j=l,..,n;i>j 



i=l,..,n 



where E^ are the standard basis of End(C n ), i.e. fcj = 8^5 ji - zeroes everywhere 

except 1 in the intersection of the i-th row with the j-th column. 

For example in the 2x2 case the .R-matrix is: 



R 



/ 


T 1 











\ 







1 















q- 1 - q 


1 







V 











q- 1 


J 



(2.32) 



Remark 2.5. This .R-matrix differs by the change q — > q 1 from that one in [T3], page 
185. 

The relation between g-Manin matrices and quantum groups consists in the following 
simple proposition: 

Proposition 2.4. A matrix T is a matrix in the quantum group Eun q (GL n ) if and only 
if both T and T T are q-Manin matrices. 

So one gets that g-Manin matrices are characterized by a "half of the conditions of 
the corresponding quantum matrix group. 



2.5 Hopf structure 

Let us consider the algebra C[Mjj] generated (over C) by M^, 1 ^ i,j ^ n, with g-Manin 
relations f)2.3p . One can see that it can be equipped by a structure of bialgebra with the 
coproduct A(Mjj) = J2k <8> M k j. This is usually denoted as follows: 

A(M) = M ®M. (2.33) 

It is easy to see that this coproduct is coassociative (i.e. (A <g> 1) ® A = (1 <g> A) <g> A). 

The natural antipode for this bialgebra should be S(M) = M _1 . So it exists only in 
some extensions of the algebra C[M^]. 

The " coaction" -proposition I2TT1 page 181 implies that there exist morphisms of algebras: 

<j> 1 :C[x 1 ,...,x m ]->C[M i j]®C[x 1 ,...,x m ], (f)i(xj) = y^M^x fc , (2.34) 

k 

02 : C[^l, . . . , ^n] -> C[ik%] ® C[^l, ...,1p n ], M^i) = J2 Mki ^ ^ 2 - 35 ) 

k 

One can check that both maps satisfy the condition: (A £g> l)(4>i) = (1 <8> <fri)(4>i), % = 1,2. 

So one can consider the maps 0j as "coactions" of g-Manin matrices on the space C™ 
and its Grassmannian version. 
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3 The (/-determinant and Cramer's formula 

It was shown in [H [5] that the natural generalization of the usual determinant for Manin 
matrices (i.e., the q = 1 case) is the column determinant. This column determinant 
satisfies all the properties of the determinant of square matrices over a commuting field, 
and is defined as in the usuals case, with the proviso in mind that the orders of the column 
index in the n! summands of the determinant should be always the same. The role of 
column determinant for g-Manin matrices is played by its g-analogue called q- determinant. 
Most of the properties of column determinant of Manin matrices presented in [5] can be 
generalized to general q. 

In this section we recall the definition of the g-determinant. We will see that in the case 
of q— Manin matrices it generalizes the notion of the usual determinants for the matrices 
over commutative rings. We shall start by considering the g-determinant for an arbitrary 
(i.e., not necessarily g-Manin) matrix with elements in a noncommutative ring £H. 

3.1 The ^-determinant 

We define the g-determinant of an arbitrary matrix M with non- commutative entries and 
relate it with coaction of M on the g-Grassmann algebra. We prove here some formulae 
used below for g-determinants and g-minors of g-Manin matrices. 

3.1.1 Definition of the g-determinant 

Definition 3. The g-determinant, of anxn matrix M = (My) is defined by the formula 



where the sum ranges over the set & n of all permutations of {1, . . . ,n}. Recall that inv(r) 
is number of inversions - the number of pairs 1 < i < j < n for which r(i) > r(j). In 
other words, inv(r) is the length of Y with respect to adjacent transpositions = a^^+i)- 

Example 3.1. 




(3.1) 




(3.2) 
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Example 3.2. 

/ Mn Mi 2 M13 \ 
det g M 2i M 22 M 23 = 7 MnM 22 M 3 3 + q- 2 M 2 iM 32 M 13 + q~ 2 M 31 M 12 M 23 - 
\ M 3 i M 32 M 33 / 

-q~ l M xx M 32 M 23 - q~ l M 21 M 12 M 33 - q~ 3 M 31 M 22 M 13 = (3.3) 

/ M n M 12 \ 1 / M 12 M13 \ , 

= 11 det « ^ M 2 i M 22 J + det ^ (, M 32 M 33 J + 

f ^2 A/f , + / Mi 2 M13 \ f v_ 2 , , / M 21 M 22 \ 

, ,_i / M n Mi 2 \ / M n M 12 \ 

( " ?) d6t ^M 31 M 32 J 23 9 V M 21 M 22 J M33 - (3 ' 4) 

It is easy to see from the definition that, if L is an arbitrary lower-triangular matrix 
with di on the diagonal, and R an arbitrary upper-triangular matrix with di on the 
diagonal, then 

det q L = det q R = Y\ di- (3.5) 

i 

It is also easy to see that, if, S is the permutation matrix corresponding to the permutation 
a E e n , then det q S = (-q)~ inv ^\ 

Remark 3.1. For q — 1 the present definition of g-determinant coincides with that of 
column-determinant i.e. the determinant defined by the column expansion, first taking 
elements from the first column, then from the second and so on and so forth. For q — — 1 
the g-determinant yields the (column) permanent of the matrix M. Just like the usual 
determinant, the g-determinant is linear over C both with respect to its columns and 
rows. 

3.1.2 The g-Grassmann algebra 

Let us collect some useful relations in the g-Grassmann algebra C[ipi, . . . ,ip n ]- Some of 
them hold without assuming ipf = 0, while some of them require this property. 

Lemma 3.1. Let ipi satisfy the relations ipiipj = —qipjipi f or all 1 ^ i < j ^ n; then their 
monomials of n-th order are related as follows 

tfV(i) • ■ -VV(n) = (-<?)" inv(T Vi " • ■ VVi, Vr E & n , (3.6) 
or equivalently as 

^r(i) • • • VW(n) = (-<?) - inv(fTr)+inv(CT V ff (i) • • • ^V(n) , Vff.rG G n . (3.7) 
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Proof. Note that if the relation (13.71) is valid for some 7~i, r 2 G & n (for all a G & n ) then 
it is so for r = T\T2- Indeed 

^ T1T2(1) ■ • -^ rir2(n) = (-q)-™^)+iM°T^ aTi{i) . ..^^ = 

= (- q )-^(^+^)^ a(1) . . .^ (n) . (3.8) 

Since each r can be presented as a product of adjacent transpositions a - *;, k — 1, . . . , n— 1, 
it is sufficient to prove (13.71) for r = Ofc. In this case we can write 

^W(l) • • • 1pa<T k (n) = ' ' ' V'o-(fe+l)'0(T(fe) ' ' ' VV(n) = 

= (_ g )-»^K*+i)-^))^ (1) . . .^(^(fc+i) • • -^(n). (3.9) 
Thus, formula (13 .7p for r = follows from the equality 

inv(<r<7fc) = inv(a) + sgn(a(k + 1) — er(fc)). (3.10) 

□ 

Corollary 3.1.1. Under the condition of the Lemma Vd '. 1\ one can relate the monomials 
of m-th order as follows: 

^v (1) ---^) = (-^)" mV(T) ^ 1 ---^ m , (3.H) 
lk w " " -^ (m) = (-?)" mv(r)+inv(CT V jCT(1) • • ■ lfc„ (m) , (3-12) 
where 1 ^ j\ < . . . < j m ^ n, r,a E & m - 

Proof. Consider the elements Vfc — V^v They satisfy the conditions of Lemma 13.11 
ipiipj = —qipjifji for all 1 ^ % < j ^ m. Writing the formulae (13. 6ft . (13. 7p for ipk we 
obtain fl3~TT]) . f l3~T2|) . □ 

Corollary 3.1.2. Assuming additionally ipf = 0, i.e. ipiipj = —q~ S9n ^~^ipjipi, it is 
convenient to write the more general formula 

i>il---i>i„ = e ii,...,in^l'"V'n, (3-13) 

where 1 ^ i\ ^ n and the q-epsilon-symbol is defined by the formula 

~'L, = 0, <(i),..., CT (n) = (-?)" mv(<7) ; o- G e„. (3.14) 

Let us denote by J © J = . . . , i m ,ji, . . . ,jk) the contraction of two multi-indices 
/ = (ii, . . . , i m ) and J = . . . ,jk). For a multi-index = (fc 1; fc 2 , . . . , /c r ) denote by 
\i*T the multi-index (1, . . . , k\, . . . , k m , . . . , n), that is \K is obtained from (1,2,..., n) by 
deleting fcj for all % = 1, . . . , r. 

Let («!, . . . , i n ) be a permutation of (1, ... , n) such that ii < i 2 < ■ ■ ■ < i m and i m+ i < 
i m +2 < ... <i n for some m < n. Let 7 = (z x , z 2 , . . . , i m ) and \J = (i m+ i, i m+ 2, ■■■,i n )- lt 
is quite easy to see that 

4eU) = (-qr^M-O = (-g)+S£^ift-0, (3.15) 

e « = (_ g )E£ 1 ^-Er=„- m+ i' = (_ ? )Er=T'-Er= m+1 ^ (3.16) 
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where we used £j=i,...,n*i = J2i=i,..., n L 

Let us also mention that for / = (n, n — 1, n — 2, . . . , 1) we have 

e* = (_ g )-«(™-i)/ 2 . (3.17) 

3.1.3 The ^-determinant, g-minors and the g-Grassmann algebra 

Let us give a more conceptual approach to g-determinants and g-minors - g-determinants 
of submatrices - via the g-Grassmann algebra. We consider an arbitrary matrix M, but 
the fact that the notion of the g-determinant can reformulated in terms of the g-Grassmann 
algebra is a clear hint that it is related with the notion of g-Manin matrix. 

Let M be an arbitrary n x m matrix and I = (ix, % 2 , . . . , ik) and / = (ii, % 2 , . . . , i{) be 
two arbitrary multi-indices, where k ^ n and I ^ m. Denote by Mjj the k x k matrix 
defined as (Mjj) ab = M ia j b , where a, b = l,...,k. Then the g— determinant det g (M/j) 
can be considered as the g-analogue of the minor (q-minor) of the matrix M. 

Proposition 3.2. Let M be an arbitrary (not-necessarily q-Manin) n x n matrix, ipi - 
q-Grassmann variables, i.e. ipiipj = —q~ sgn ^ l ~^ipjijji, which commute with the entries of 
M, and ijjf = Y,k^M ki . Then 

<'V 2 M ...^n = det g (M)^ 2 • • • (3.18) 

More generally, for a rectangular n x m matrix M and for an arbitrary^ multi-index 
J = (ji, J2, • • -,jk) 

■ ■ ■ < = E det^M^V^ ...^ (3.19) 

/=(il<i2<...<ifc) 

where the sum is taken over all multi-indices I = (ii, z 2 , . . . ,i k ) such that 1 ^ i\ < i 2 < 
. . . < i k < n. 

Proof. The formula ( I3.18P follows from ( I3.19P in the case m = n = k. To prove the last 
one we write left hand side as 

n 

K---^l= E M lUl --M ltdh ihr-^ k . (3-20) 
ii,...,ifc=i 

The product i/j^ ■ ■ ■ ipi k does not vanishes only if lx, . . . , Ik is a permutation of some numbers 
ix, ■ ■ ■ , ik such that 1 ^ i\ < i 2 < ■ ■ ■ < ik ^ n. Then using the formula (13. lip one derives: 

E E M *m* ■ ■ ■ M M^Mi) • • • ^00 = 

I=(h<i2<-<ik) r&& k 

E E(-'?)" mV(T)M M 1 ) Jl --- M M.)^^ 1 ---^- (3-21) 

I=(il<i2<-<ik) T G®fc 

3 Here it is neither required that ji < j p , nor that ji ^ j p . 
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On the other hand the g-determinant of Mjj can be written as 

det g (M TJ ) = Y (-gr inv(r) M Ml)J1 ■ ■■M iT{n) , jk . (3.22) 
ree k 

Comparing (I3T2T]) with fl3T2^|) one gets (IBT^j) . □ 
Example 3.3. For = —<l' l p2ipi, V'f = an d M = ( ° ^ ) , one has 



c <i 

= i^i^ad — q~ ijjx^cb = det q (M)?piip2- (3.23) 
A tautological corollary of the proposition above is the following. 

Corollary 3.2.1. Let M a be the matrix obtained from M by the permutation a G & n of 
columns: M°j = M ia ^ . Then 

<i)< 2 ) " " " €{ n) = det q (M°)^2 ■■■ipn- (3.24) 



In Proposition 13.21 it is crucial that the elements of M commute with ipi] however 
g-Grassmann algebra is also helpful without this condition. This can be seen from the 
following formula which is proved in the same way as Proposition 13.21 

^ ^1^2 • • • Ar M hh M iW ■ ■ ■ M irjr = Y ^l^ 2 " ' ^ ^q( M Lj)- 

/=(<!,. ..,ir) L=(h<l2<...<lr) 

The Laplace expansion can also be written as follows: 

(ii.-j.) x 

Ll=(il<«2<...<«a) L 2 = {la + l<la + 2<:.<lr) 

x det g (A ia( j- a+1 ,.„j r )) = Y ^1^2 • • "0J, det g (A LJ ). (3.25) 

L=(h<l 2 <...<lr) 

3.2 Properties of the (/-determinants of g-Manin matrices 

The results of the previous subsection lead to the properties of g-determinants listed 
below. Proposition 13.21 allows us to derive some properties for g-determinants of g-Manin 
matrix. Let us remark that some these properties are valid for matrices with entries 
satisfying a part of the g-Manin relations or even for arbitrary matrices. 

Proposition 3.3. The following properties hold: 

1. Linearity in columns and rows. 

If some column (row) of a square non-commutative (not necessarily q-Manin) matrix 
M is presented as a sum of column- matrices (rows-matrices) then its q-determinant 
det q M is equal to the sum of q-determinants of the matrices M with the considered 
column (row) replaced by the corresponding column- matrices (rows- matrices) . 
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2. Permutation of columns. 

If M is a square matrix satisfying relations (12. 2p (in particular, if M is a q-Manin 
matrix) and M u denotes the matrix obtained from M by a permutation of columns: 
M°j = Mjo-Q), where a G & n , then 

det q (M a ) = (-g)~ inv(<T) det q M. (3.26) 

Note that M" is not a q-Manin matrix in general (even if M is a q-Manin matrix). 
Let us also remark that permutation of rows affects the q-determinant in a highly 
non-trivial way since the shuffling of the rows destroys the property of being q- 
Manin. 

3. Matrices with coincident columns. 

Let M be a square q-Manin matrix.If two columns of M coincide, then 

det 9 M = 0. (3.27) 

If q ^ —1 the same holds for any square M satisfying relations (12 .2|) . 

Furthermore, if M is a square q-Manin matrix and the matrix M is obtained from 
M by substituting the r-th column to the s-th column, where s ^ r, then 

det 9 M = 0, (3.28) 

note that if \s — r\ ^2 then M is not a q-Manin matrix in general. @ 

In particular, the coincidence of rows do not imply the vanishing of the q-determinant. 

4. Determinant multiplicativity and Cauchy-Binet formula. 

Let M and N be two matrices such that [My, Nki] = for all possible indices i, j, k, I 
and let M be a q-Manin matrix. If these are n x n matrices, then 

det q (MN) = det g (M) det q (N). (3.29) 

More generally, if M and N are rectangular matrices and i\ < < ■ ■ ■ < i r then 
the Cauchy-Binet formula holds: 

det q ((MN)jj) = det q (M IL )det q (N LJ ), (3.30) 

L = (h<l 2 <...<lr) 

where I = (h,i 2 , ...,i r ) and J = (j u j 2 , ■ . . ,j r ). 

Recall that in this case MN is a q-Manin matrix, if N is also a q-Manin matrix (see 
the item of Proposition \2.2\ page [9| )■ 

Actually this property holds under weaker conditions: relations (|2.2p and g-commutativity of elements 
in the r-th column. 
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5. Column expansion. 

For an arbitrary n x n matrix M (not necessarily a q-Manin matrix) the following 
expansions with respect to the first and last columns hold: 



det q {M) = Ysi-qY^Mn det q (M w ) = ^(-g) r " n det, (M V \ n )M rn , (3.31) 

r=l r=l 

where M\ r \ s is the (n — 1) x {n — 1) matrix obtained by deleting the r-th row and 
the s-th column. (As an example see formulae ( 13. 4 p ). 

For an n x n matrix M satisfying relations ( 12. 2 p (in particular, if M is a q-Manin 
matrix) its q-determinant can be decomposed (for any s = 1, . . . ,n) along the s— 
column as follows: 

n n 

det q (M) = ^(-g) s " r M rs det 3 (M w ) = ^(-g) r " s det g (M w )M rs . (3.32) 

r=l r=l 

To tie best of our knowledge, there are no analogous formulae for the row expansion. 

6. Laplace expansion. 

For an arbitrary n x n matrix M (not necessarily q-Manin matrix) the following is 
true: 

det q M= (-g)" E ^ l(fc '"°det g M^ (1 ... m) det g M\^ (m+li ... in) . (3.33) 

K=(k 1 ,...,k m ) 
l^fe 1 <...<fc m ^n 

For annxn q-Manin matrix M, and arbitrary pair of multi-indices I\ — (ii, . . . , i m ) 
and I 2 = (im+i) • • • > v) ODe can a ^ so write: 

el_ ln det q M= Yl (-q)-^ k '- [) det q M K , h det q M\ K , h , (3.34) 

K=(k 1 <...<k m ) 

where the q-epsilon-symbol is defined in (I3.14p . 

One can also write similar formulae with products of more determinants in the right 
hand side. Consider r non-negative numbers 1%, . . . ,l r such that l\ + 12 + . . . + l r = n 
and arbitrary multi-indices I j = (iji,ij2, ■ ■ ■ Let (z'i, . . . ,i n ) = ^(Bh®. ■ -®I r , 

then 

r 

4,..., i „det g M= Y £ l,.,k n Udet q M K]I] , (3.35) 

K u ...,K r j=l 

where the sum is taken over all multi-indices Kj = (kji, kj 2 , ■ ■ ■ , such that 
kji <k j2 < ... < kjj. and (h, . . . , k n ) = K x ® K 2 © . . . © K r . 

If . . . , i n ) = (1,2,3, ... ,n) then the formula (I3.35P holds for arbitrary square 
matrix. For li = l 2 = . . . = l n = 1 this formula becomes the dehnition of the 
q-determinant. 
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7. Non centrality of g-determinant . 

We remark that det g (M) (contrary to the case of Quantum Group theory) is not 
a central element in the algebra C[M^] defined in the subsection \2.5\ moreover, 
in general [det g (M), tr(M)] 7^ 0. This difference between q-Manin matrices and 
quantum matrices can be traced back to the fact that the commutation relations 
between elements of a q-Manin matrix are more general than those that the elements 
of a "quantum matrix" do satisfy. 

Proof of Property Q] Let us show the linearity in the first column and in the first row. 
The first one is a direct sequence of Definition [3j let My = Ny for j 7^ 1 then 

det 9 (M + N) = E (-qr inHr) (M T{1)1 + N T{1)1 )M T{2)2 ■ ■ ■ M r(n)n = det q (M) + det q (N). 

t£6„ 

Analogously, if My = iVy for i 7^ 1, 

det g (M + N) = E (-<ir' mv{T) M T{1)1 M T{2)2 ■ ■ ■ (M lr - 1(1) + iV lr -i (1) ) ■ ■ ■ M r(n)n = 
re6„ 

= detq(M) + detq(N). 

□ 

Proof of Property Let ipi be g-Grassmann variables commuting with M, that is, 
= -q-'^-'tyrti, [ipi,M jk ] = 0, and = ELi^fcM,. From Remark E3 we 
conclude that ifjf satisfy the condition of the lemma 13.11 Applying the formula ( 13. 6 p to 
the left hand side of (15331) we obtain (ET2B|) . □ 

Proof of Property [3 Let the matrix M satisfy (12. 2p . Let suppose also that its k-th 
and Z-th columns coincide. If ipj 1 = 5TJi=i then ipjf = ipj^ 1 and M = M akl , where 

on is a permutation interchanging k and I. If M is g-Manin the variables ipj are q- 
Grassmann and hence the equality (13. IS)) implies det 9 (M) =0. If q ^ — 1 the formula 
det g (M) = is a consequence of the lemma [3731 for o = cr^. Let ipf 1 = J2 i=1 i>iMij, 

then ip^ip^ 1 = — g~ S9 "^" r Vr / ' ? /'j M an d i>¥ = ' ■ ft * s sufficient to obtain the formula 
detq(M) = using the equality (l3~Tg|) . □ 
Proof of Property [H Let ipi, % — 1, . . . , n, be g-Grassmann variables, which commute 
with the entries of M and N. Since the matrix M is g-Manin the variables ipf 1 = 
ELiV^Mz are also g-Grassmann. Let tfjf N = YZi^i* N H = T^=M MN h- Note 
that i/ji, ipf 1 and ipl' IN commute with M, N, MN respectively. So that we can write the 
formula (I3.19P for these matrices: 

^ r det g (M /L ), (3.36) 
^det q (N LJ ), (3.37) 
^ r det g ((MiV) /J ). (3.38) 



E ^- 

I=(h<...<i r ) 

L=(h<— <Jr) 
J=(ti<...<i r ) 
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where L — (1% < . . . < l r ) and J — (ji < . . . < j r ). Substituting (I3.36P to the right hand 
side of (I3.37P and comparing the result with (I3.38j) we derive ( 13.301) . □ 
Proof of Property O The formula (13. 31 [) follows immediately from the definition of the 
g-determinant. For example, 



det,(M) = (-9)~ inv(T) M T(1)il ■ ■ ■ M, 



r(n),n 



ree n 



= J2Y1 (-g)^ inv(r) M r(1) , 1 ---M T(n _ 1)in _ 1 M rn = ^(-g) r -"det g (M\ r gM r , n , 

r=l TG6 n r=l 
r(n) — r 

where we used the fact that if r(n) = r then (r(l),...,r(n - 1)) is a permutation of 
(1, . . . , r — 1, r + 1, . . . , n) of length inv(r) — (n — r). The expansion (13.311) with respect 
to the first column can be shown in the same way. 

To prove the formula (I3.32|) we consider the permutation a = ( i''.'.'.'sZi's+i's+2 ...'n~ '")■ 
Taking into account (M a )\ r \ n = M\ r \ s , inv(cr) = n — s and the formula (13. 26ft one gets 

n 

det,(M) = (-g) inv(CT) det q (M°) = (-g) inv ^ ^(-g) r " n det 9 ((M°) v> ) M r , = 

n 

Y,(-qY~ s det q (M V \ s )M rs . (3.39) 



r=l 



r=l 



The first expansion (I3.32p can be proved similarly. □ 
Proof of Property Let ipi be g-Grassmann variables commuting with M, ipf 4 = 
Y2=i ipkM k i and h = (h, . . . , i m ), I 2 = (i m +i, ■■■,i n ) such that 1 < % x < n. Using (I3.18P 
we obtain 

^k 1 ---^k m+1 ---^k n det q (M KlIl )det q (M K2l2 ). (3.40) 

if 1 =(fe 1 <...<fc m ) 

K 2 = ( k m+l<---< k n) 

where 1 ^ h < . . . < k m ^ n, 1 ^ k m+1 < . . . < k n ^ n. Note that %j) kl ■ ■ ■ ipk m ipk m+l • ■ • ipkn 
does not vanish only if K 2 = \Ki- In this case (k\, . . . , k m , k m+ i, . . . , k n ) is a permutation 
of (1, . . . , m, m + 1, . . . , n) of length Y^Lii^i ~~ : 

= E (-g)^ Er - (fc '- i Vi--^n.det,(M x/l )det (? (M\ i , /2 ). (3.41) 

/<=(fc 1 <...<fc m ) 

Substituting %i = I for / = l,...,n we arrive at (13.331) . If the matrix M is g-Manin 
the variables ipf 1 are g-Grassmann. Substituting the formula ( I3.13P in the left hand side 
of ( 13.41 j) we obtain (I3.34p . Formula (I3.35P can be proved in the same way. □ 
Proof of Property We need to provide a counterexample, which is readily found in 
the 2x2 case. Indeed, from formula (13. 2p and the commutation relations of Remark (12. ip 
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we have, for the g-Manin matrix M — ( ° ^ 

yea 

a(detq M) = a(ad — g _1 c&) = ada — ga&c 7^ (in general) add — q~ x cba = (det 9 M)a. 



□ 



Remark 3.2. It is easy to see that if M is a g-Manin matrix, then Mij = M n _i + i in ,_j + i 
is a g _1 -Manin matrix and one can also prove, that det g M = det g -i M. For example 

det q ( ° ^ J = ad — g _1 c6 = da — qbc = det q -i ( ^ ay (3.42) 

Proof.The fact that if M is a g-Manin matrix then M is a g _1 -Manin matrix easy follows 
from the formulae (12. ip . (I2.2p (see also Remark l2.2p . Let us apply Proposition 13.21 to 
the matrix M and g _1 -Grassmann variables ipi = ip n+ i-i. The formula (13 . 1 8[) gives us 
if ■ ■ ■ V? = ■ ■ ■ i>n det,-i(M), where if = iMj- Note that if = £. ^M^+^j = 
i>n+i-ji where $Y = J2i^i M ij satisfy (1313]) with ^ and det ? (M). This yields 

$ ■ ■ ■ ffi = < • • • < = (-*r^f • • • tf? = 

n(n — 1) — - — - 

= (~g) *~ det g (M)^i ■ • • ipn = det q (M)i n ■ ■ • ^ = det g (M)^ • • • ij) n . (3.43) 
So we obtain det g -i(M) = det ff (M). □ 



3.3 The g- Characteristic polynomial 

Let us discuss now some subtleties in the definition of the characteristic polynomial for 
g— Manin matrices. In the classical case the characteristic polynomial of M was defined 
as det(A — M), and the same definition (provided the column-determinant is used) hold 
for the g = 1 case of the "ordinary" Manin matrices discussed in [5]. However, the 
fact that, for A G C the matrix (A — M) is not a g-Manin matrix clearly signals that 
the naive generalization - (i.e., the g-determinant of (A — M)) - cannot be the correct 
one. To get a "good" definition of g-characteristic polynomial, we must rely on another 
property- definition of the characteristic polynomial of a matrix. 

Definition 4. The q- characteristic polynomial for a matrix M is defined as follows: 

n 

char 9 (A,M) = ^(-l) fc A n ~ fc det q {M n ) = (3.44) 

k=0 I=(h<i 2 <...<i k ) 

= A™ - A"" 1 tr M + + (-1)" det 9 M, (3.45) 

that is, it is the weighted sum of principal q-minors. Here (Mjj) a b = M iaib are principal 
submatrices of M of the size equal to the cardinality of I . 
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Clearly enough, for q = 1 one gets the usual definition: char g= i(A, M) = det g= i(A— M). 

An equivalent definition could be given as follows. Let A k [vpi , . . . , ip n } be the sub- 
space of the g-Grassmann algebra C[tpi, . . . ,ip n ] consisting of elements of degree k. For 
a n x n matrix M over 9\ we define the (left) action of M on SH 8 C[?/>i, • • • , VvJ as 
MfaMy, ■■■ip ik ) = M(^ n )M(^ 2 ) • ■ ■ M(^Jr , where r e and M(^) = £\ ^M 4j . 
The subspace £H<S>A . . . , is invariant under this action and then the g-characteristic 
polynomial can be written in the following form 

char 9 (A,M) = ^ \ n ~ k (-l) k ti^.^ M. (3.46) 

k=0 

We will show in this paper that the coefficients of the g-characteristic polynomial 
satisfy many important properties. Indeed, they enter g-analogues of the Newton, Cayley- 
Hamilton, and MacMahon-Wronski identities and have important applications in quantum 
integrable systems. 

3.4 A (/-generalization of the Cramer formula and quasi-deter- 
minant s 

Here we consider a square n x n g-Manin matrix and present some relation between its 
g-determinant and the inverse matrix. In the commutative case they are reduced to the 
Cramer's formula. We formulate these relations in terms of Gelfand-Retakh- Wilson's 
quasi-determinants and apply the theory of quasi-determinants to the Gauss decomposi- 
tion. 

3.4.1 Left adjoint matrix 

First we introduce the left adjoint matrix in terms of (n — 1) x (n — 1) g-minors. The 
main aim of this subsubsection is to express the (left) inverse matrix through the adjoint 
matrix, or equivalently, through these g-minors. 

Proposition 3.4. Let M be a q-Manin matrix and M adj be the matrix with the entries 

= (-q) r - s det q M w , (3.47) 

where M\ r \ s is the (n — 1) x (n — 1) submatrix of M defined by deleting r-th row and s-th 
column. Then 

M adj M = detq M ■ l n xn, (3.48) 
i.e. M ad i is a left adjoint matrix for the matrix M. 

Proof. Using the formula f)3.32p for the column expansion and vanishing of g-determinant for 
coincident columns (formula (13.271) ) one gets 

n n 

M a jM rk = ^(-g) r " s det 9 (M V \ s )M rjfc = det g M = 5 sk det q M, (3.49) 

r=l r=l 
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where M is the matrix obtained from M by the replacement the s-th column with the 
fc-th one. □ 



Example 3.4. In the case n = 2 the formula (13.481) is deduced as follows (in the nota- 
tions (J22D) 

d -qb \ ( a b \ _ / da - qbc db - qbd \ _ f det q M 
-q~ l c a J \ c d J I —q~ l ca + ac —q~ l cb + ad J \ det ? M 

Corollary 3.4.1. Let M be a q-Manin matrix and suppose that its q- determinant det g M 
is invertible from the left, so that there exists an element (a left inverse of the q- determinant) 
(detg M)- 1 such that (det, M)" 1 det q M = 1. Then the product M" 1 = (det g M)- x M adi is 
a left inverse of M, that is M~ l M = 1. T7ie matrix M~ l consists of the following entries 

Af- 1 = (det ? M)~ l M a J = (-q) r - s (det q M)~ l det 9 M vv . (3.50) 

In particular, the existence of a left inverse of the q-determinant det g (M) of a q-Manin 
matrix M implies the existence of a left inverse of M. 

Let us remark that the left invertibility of a g-Manin matrix M does not imply the left 
invertibility of det g M. On the other hand, neither left nor right invertibility of det 9 M 
nor both of them implies the right invertibility of M. Let us also remind that the left 
(right) invertibility of an element of some non- commutative algebra does not guarantee 
that the left (right) inverse is unique. In Corollary 13.4.11 we claim that there exists at 
least one inverse M~ l = (det g M)~ 1 M adj . 



3.4.2 Relation with the quasi-determinants 

We will herewith recall a few constructions from the theory of quasi-determinants of 
I. Gelfand and V. Retakh and discuss their counterparts in the case of Manin matrices. 
It is fair to say that the general theoretical set-up of quasi-determinants developed by 
Gelfand, Retakh and collaborators (see, e.g., [2U], [T7], [TH]) can be briefly presented as 
follows: the basic facts of linear algebra can be reformulated with the only use of an inverse 
matrix. Thus it can be extended to the non-commutative set-up and can be applied, for 
example, to some questions considered here. We must stress the difference between our 
set-up and the much more general one of [2U]: we herewith consider a special class of 
matrices with non-commutative entries (the g-Manin matrices), and for this class we can 
extend theorems of linear algebra basically in the same form as in the commutative case, 
(in particular, as we have seen, there exists a well-defined notion of determinant). On the 
other hand, in [20] generic matrices are considered; thus there is no natural notion of the 
determinant, and facts of linear algebra are not exactly presents in the same form as in 
the commutative case. 

Let us recall ([20] definition 1.2.2) that the (p, q)-th quasi-determinant \A\ pq of an 
invertible matrix A is defined as \A\ pq = (A" 1 ) -1 , i.e. as the inverse to the (q, p)-element 
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of the matrix inverse to A. It is also denoted by: 

A n A 12 

\A 



A ln 



A 



!><l 



(3.51) 



Let M be a n x n g-Manin matrix. Let M and det g M be two-sided invertible. Then 
their inverse are unique and the entries of M _1 are expressed by the formula (I3.50p . 
Moreover, in the case when det g M is two-sided invertible the left (right) invertibility of 
the entry M" 1 is equivalent to the left (right) invertibility of the determinant det 9 (M\ r \ s ). 
Thus the following lemma holds. 

Lemma 3.5. If the matrix M and the elements det q M and an entry M" 1 are two-sided 
invertible (for some 1 ^ s,r ^ n) then the (r,s)-th quasi- determinant \M\ rs = (M' 1 )' 1 
is expressed by the formula 

\M\rs = (-g) s ^ r (det 9 (M w ))- 1 det g (M). (3.52) 

Using the formula (13.521) we can generalize the notion of quasi-determinant to the case 
when det q M is not two-sided invertible. 

Definition 5. Let the determinant det q (M\ r \ s ) be two-sided invertible. Then the element 
\M\ rs defined by the formula (13.521) is called the (r,s)-th quasi- determinant \M\ rs for a 
q-Manin matrix M. 

The following lemma is often useful in applications of quasi-determinants to determi- 
nants. It holds thanks to the Cramer rule for g-Manin matrices. 

Proposition 3.6. (c.f. fH[ fig ) /). Assume M is a q-Manin matrix, then 



det r 



( M u Mi 2 

M 21 M 22 



;i2 



(3.53) 



M 



n—l n—1 



M, 



n—l n 



M 



n n—l 



M„ 



M. 
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M 



n2 



M 



li 



Mn Mi 2 



M 21 M 22 



M n _ n 



... M 2n 

... M nn 

M ln -i 



M 



li 



M 



21 



M 12 
M 22 



M 2n 



M 



n— In— 1 



M nl 


M n2 . 




M n 


M 12 .. 


• M ln 


M 21 


M 22 .. 


• M 2n 



M nl M n2 



M n 



if the corresponding quasi-determinants are defined. 
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Proof. By the formula (13.521) we obtain 

/ Mh 



Mi 



Mi 



kn 



M nk ... M n 



det. 



l k+l,k+l 



Mr, 



J 



( M, 



det r 



kk 



M nk ... M n 



J 



Substituting it to ( 13 . 53[) we obtain the identity for the first formula. The second formula 
is proved in the same way. □ 

3.4.3 Gauss decomposition and g-determinant 

Here we show that the g-determinant of a g-Manin matrix can be expressed via the 
diagonal part of the Gauss decomposition exactly in the same way as in the commutative 
case. 

Proposition 3.7. Let M be a q-Manin matrix. If it is factorized into Gauss form 



M 



I 1 

V 



■r, 



( 



7 



V 



o 



1 

where yi, . . . , y n are two-sided invertible then 

det q M = y n 

Analogously if 

( 1 



0\ ( y[ 



M = 

with two-sided invertible y'± 



1 



/ 



V 



o 



o \ 



Vn J 



yi- 



o \ 



y' n J 



( i 



/ 



i 



(3.54) 



(3.55) 



/ 1 



"/3a 
1 



/ 



(3.56) 



) • • • ) tin 



Vn then 
det q M = y[...y' n . 
Example 3.5. In the case n = 2 we have 



M 



a b \ _ ( 1 bd- 1 \ ( a- bd~ l c 
c d J ~ \0 1 J \ d 

det q (M) = ad — q~ x cb = da — qbc = d(a — bd~ x c 

a b \ / 1 \ / a 



M 



c d 



ca 



d — ca 1 b 



1 

d- l c 1 

1 a^b 
1 



det q (M) = ad — q 1 cb = a(d — ca x b). 



(3.57) 

(3.58) 
(3.59) 
(3.60) 
(3.61) 
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Remark that in the second of these example one only needs the first column q- 
commutativity relation. 

Proof. First we note that the decomposition (I3.54p for the following submatrices holds 
with the same y{. 



( M) 



M, 



(k) 



kk 



M kn \ 



\ M nk 



M n 



( 1 



/ 



V 



o 



1 



7 



/ 



V 



Vk 







o \ 



Vn J 



( 1 



\ Z f$c 



o \ 



Then note that a left (right) triangular matrix with non-commutative entries and with 
unity on the diagonal is two-sided invertible and its inverse is a left (right) triangular 
matrix with non-commutative entries and with unity on the diagonal. Hence the inverse 



of Mffc) has the form 



( 1 



\ z j3a 



/ 



/..-I 



Vk 




o \ 



Vn J 



( 1 



V 



1 



/ 



(3.62) 



Taking into account (M^) u = y k 1 we obtain the corresponding quasi-determinant 



Mi 



kk 



kn 



M 



rik 



M n 



Vk- 



(3.63) 



Thus Proposition 13.61 and M nn = y n imply (13. 55ft . The formula ( I3.57P is proved similarly. 

□ 

Remark 3.3. The Gauss components x a/ 3, y k , z^ a , x a/ 3, y k , zp a are unique and can be 
expressed in terms of quasideterminants such as (13.631) (see [18j [20] for details). Thus 
they can be expressed in terms of g-minors of M. 



4 (/-Minors of a g-Manin matrix and its inverse 

In this section we discuss several formulae holding (in a manner substantially similar to 
that of the classical case) for g-Manin matrices. In particular, in the first Subsection 
we prove the g-analogue of the Jacobi ratio theorem (which expresses minors of inverse 
matrix in terms of the minors of the original matrix). Building on this, in the second 
Subsection, we recover (g-analogues of several statements of linear algebra, such as the 
so-called Dodgson (or Lagrange - Desnanot- Jacobi- Lewis Carroll) condensation formula, 
the Schur decomposition formula, the Sylvester identities, and (although limiting ourselves 
to the simplest non-trivial case), the Pliicker relations. We also show that the inverse of 
a g-Manin matrixis a g _1 -Manin matrix. 
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4.1 Jacobi ratio theorem 



This subsection is devoted to the proof of the q analogue of the Jacobi ratio theorem. We 
deem useful to preliminarily prove a few propositions and lemmas, to be used in the main 
proof.. They also might be of independent interest. In particular, we obtain a formula 
for the right inverse of a two-sided invertible g-Manin matrix. 



4.1.1 Preliminary propositions. Right inverse for the g-determinant of a q- 
Manin matrix 

Lemma 4.1. Assume that an element ip commute with all the entries of a two-sided 
invertible matrix M; then ip commute with all the entries of its inverse M _1 . 

Proof. Multiplying the relation ipMij = M^-ip by Mj£ on the right, M^ 1 on the left and 
taking summation over j and i we obtain M^ip = ipM^ 1 . □ 

Lemma 4.2. Let ipi,...,ip n be q-Grassmann variables (or at least non-commuting ele- 
ments satisfying ipiipj = —qipjipi for i < j). Then 

^•■•^ r(1) = (-?) inv(T) ^---^ 1 , (4-1) 
where k\ < . . . < k m and r G & m . 

Proof. Let o be the longest element of & m , i.e. a(i) = m + 1 — i. Then the use of the 
formula ( 13.1 2p and inv(r<j) = inv(a) — inv(r) yields (14. ip . 

Proposition 4.3. Consider a two-sided invertible q-Manin matrix M. Let be q- 
Grassmann variables commuting with entries of M and let ipj' 1 = ipiMij . Then for a 
general multi-index J = (ji, j2; • • • , 3 m) we have 

^ • • ■ ^ = £ C • ■ • < deV-i (M L -J), (4.2) 
L=(h<...<l m ) 

where M£j = (M~ 1 )lj is the corresponding m x m submatrix of M~ l . 

Proof. Using ipj = ^ ipj^M^ 1 and taking into account that ipj commute with the entries 
of M~ l (Lemma 14. ip we obtain, at first 

E M Lemma: [M~ 1 ^fe] =0 ^ — > ,» 



(4.3) 



Then, the second step and further iterations yield 

E„ x — > tr i i Lemma: \M~ ,-0i.l=O 

^(Y^ Mr 1 , U t 2 ---^ h M-\ = J 
l "mjm 



E E «^-a • • • ^nM r l ijm _M r \ m . (4.4) 
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We obtain making this transformation m times : 

E ^■■< M rA---M l - m ) m - ( 4 - 5 ) 

^1 j ■ ■ ■ i^m 

But using the Manin's property (Proposition 12.11 page [8] ) one has that the elements 
ip^ , . . . , %pf^ are g-Grassmann variables, so we obtain finally 

V V i)f ■ ■■^f Mr 1 , ■■■Mr 1 . . (4.6) 

h<h<---<lm t€& 

Using Lemma [4.21 we can rewrite it as 

E E (-«- 1 )-"' v(T V£ • --<*/;,;„„ ■ • • M;i )jm = 

rG6 m h<l 2 <...<l 

= E C---<de Vl (M-]). 
L=(;i<...<'m) 

Thus the formula (14. 2 p is proved. □ 

Remark 4.1. Let us note that two-sided invertibility of M is crucial since we need it to 
use Lemma [4. II 

Proposition 4.4. Let M be a two-sided invertible q-Manin matrix and consider a multi- 
index K = (ki < k 2 < . . . < k m ). Then for a general multiindex of a cardinality m, say, 
■J = (ji, hi ■ ■ -Jm) we have 

det q (M KL ) deV^M-j) = £ (-g)^^ • ■ ■ <5£ w , (4.7) 
L=(h<i 2 <...<i m ) ree m 

where Mr) = (M~ 1 )lj is a submatrix of M~ x . 

Proof. Multiplying the relation (I3.19P by (— g)~ m ( m ~ 1 )/ 2 and re-ordering g-Grassmann 
variables we obtain 

W! • • • < = E ^ ■ ■ ■ ^ ^( M kl). (4.8) 

K=(k 1 <...<k m ) 

Substituting the formula (I4.8j) in (14. 2 p we obtain 

^ m • • • 4>h = E • ' • ^ det q (M KL ) det q -i {Ml}). (4.9) 

h=(l t <l2<--<lm) 
Jf=(fe 1 <...<fe m ) 

Comparing the coefficients at ipk m • • • V^i with fci < . . . < k m in sides of ( 14. 9 p we see that 
the expression in the left hand side of (14. 7p does not vanish only if K is a permutation of 
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J, that is if (ji, . . . ,j m ) = (fc r (i), . . . , /c r (m)) for some r G (3 m . The use of to Lemma fl~2l 
yields in this case 

( _ g )inv(r)^ m . . = ^k m - • - ^ det q (M KL ) det,-i(M£"j). (4.10) 

L=(i 1 <i 2 <...<; m ) 

Hence the expression in the left hand side of (14.71) in this case is equal to (— q) mY ( T >. This 
gives us the formula (14.71) . □ 

In the q = 1 commutative case Proposition 14.41 is a corollary of the Cauchy-Binet 
formula fl3.30|) applied to the identity MM -1 = 1. In spite of the fact that the entries 
of M and M~ l do not commute in general the formula (I3.30p works also for g-Manin 
matriceswith det 9 -i(M _1 ) and det g (M). 

Considering the formula (14.71) in the case K = J = (1, 2, . . . , n) we obtain the following 
corollary. 

Corollary 4.4.1. If M is two-sided invertible q-Manin matrix then the q~ l -determinant 
of its inverse M _1 is right inverse ofdet q (M): 

detg(M) det q -i(M~ l ) = 1. (4.11) 

In particular, if the q-determinant of a two-sided invertible q-Manin matrix is right in- 
vertible. 

Remark 4.2. Let M be an_n x n g-Manin matrix and M be a n x n matrix satisfying 
5Z?=i MjkMij = X]j=i MjkMij = 5ik- Then one can derive the following formulae in 
similar way: 

E det q -i(M LJ )det q (M KL )= £ (-g)^^ (i) - - ■ (4.12) 
L=(h<i 2 <-<i m ) ree m 

det q -iMdet q M = 1. (4.13) 

Remark 4.3. Is it also true that det q -i(M~ l ) det q M = 1 for a two-sided invertible q- 
Manin matrix Ml In other words, does the two-sided invertibility of a g-Manin matrix 
implies the left invertibility of its g-determinant? We don't know an answer to this 
question. 

4.1.2 Jacobi ratio theorem for g-Manin matrices 

Here we will formulate and prove a g-analogue of the Jacobi ratio theorem. 

Let J = (ji, . . . , j m ) where 1 ^ ji ^ n. We define the symbol e q j = ei ... ,- OT by the 
formulae = and 

el' k( = (-g) inv(r) for 1 < h < . . . < k m <: n and r e & m . (4.14) 

It generalizes the symbol defined in (I3.14p for q~ l and m ^ n. 
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Theorem 4.5. Let M be a two-sided invertible q-Manin matrix. Consider multi-indices 
I — (ji < < . . . < i m ) and J = (ji, . . . ,j m ). Then the minors of M~ l can be expressed 
through the complementary minors of M by the formula 

m 

det a (M) det q -i(Mrj) = (-q)^^ ef" det q (M vv ), (4.15) 

where M£j = (M~ 1 )lj and, as usual, we denote by \I the multi-index obtained by deleting 
ii,...,i m from the sequence (1, 2, 3, . . . , n). H In particular 

m 

det g (M) detg-i(M7/) = (-g)^"* det,(M w ), if ji < j 2 < . . . < 3m , (4.16) 
detg(M) det q -i(Mfj) = if j a = j b for some a^b. (4.17) 

Let us remark that in the case / = J = (1,2, ... ,n) the Jacobi ratio formula (14.161) 
coincides with (14.111) . 

Proof. Let us rewrite the g-Laplace identity (13.341) in the form 

n — m 

E- E (^ m _|_;— /) 
(-q) ^ det q (M\ KV )det q (M KL ), (4.18) 

K={k 1 <k 2 <...<k 

I'll- } 

where L = (Zi < Z 2 < • • • < Z m ) is an arbitrary multi-index, e q is the usual g-epsilon- 
symbol defined by (13.141) ; multi-index (\I © L) — (i m +i, i m +2, ■ ■ ■ , in, h, h, ■ ■ ■ , l m ) where 
i m+ i,! m+ 2, • • • , i n are integers such that \I = (i m+1 , i m +2, • • • , 4)- Notice that 

n—m n n—m n m n—m n m 

5> m+ ,-o= E fc <-E' = E'-E^-E' = E '-X> ( 4 - 19 ) 

1=1 l=m+l 1=1 1=1 1=1 1=1 l=n-m+l 1=1 

Let us multiply the identity (I4.18P by det g -i(M^"J) from the right, take a summation 
over L = (li < l 2 < . . . < l m ) and transform the right hand side using (I4.19P and 
Proposition 14.41 

E £ W det ? ( M ) det,-i(M£j) = 

L=(l 1 <l 2 <...<l m ) 

m n 

E (-q) l = lk <= n - m+l1 det q (M\ KV )det q (M KL )det q -i(M£}) = 

£ = (il<; 2 <-.-<im) 
K=(k 1 <k 2 <-.-<k m ) 

m n 

E det 9 (M^ u )(-g) i -«^ {i) • • • ^ (m) . (4.20) 

K = (fc 1 <fc 2 <-.-<fem) 
TSS m 

5 If J = (. . . ,j, . . . , j, . . .) the expression det g (A/\j\ 7 ) is not denned, but e q j = in this case and 

then we can formally consider e q j det q (M\j\i) = 0. In the case / = J = it is natural to define 
det g (Mjj) = 1 for an arbitrary matrix M. 
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T. h- T. 1 -i 

The summation in the right hand side gives us (— q) l=1 i=n-m+i e ^ det,(M\nj)- At the 
left hand side we have £\ l!BL = 0, unless L — I. So the formula (14.201) transforms to 

m n 

e{ im det q (M) det^(MfJ) = (_ g )£*~«=^n' e f- 1 det,(M w ), (4.21) 
Recalling that (see (13.161) page Ej) 

m n 

^ JeJ =(-g)£^=— (4-22) 

we come to the formula (I4.15|) . □ 
Remark 4.4. The factor in the theorem can be rewritten via the complementary indices: 

m n 
2=1 Z=m+1 

since ^™=i ^ = XXi 3i = 1 + 2 + . • • + n. 
4.2 Corollaries 

Theorem 14.51 has a number of important consequences. In particular, the following one 
is the key to prove the fact that the inverses of some g-Manin matrices are g _1 -Manin 
matrices. 

4.2.1 Lagrange-Desnanot-Jacobi-Lewis Caroll formula 

Let us discuss the special case of the g-Jacobi ratio theorem 14.51 for indices of length 
two. It is interesting by many reasons. Besides the mentioned application (see the next 
subsubsection) it plays role in wide range of questions [T2] . 

Recall that the Lagrange-Desnanot-Jacobi-Lewis Carroll formula reads: 

det(M vv ) det(M VVb ) - det(M w ) det(M vv ) = det M det(M mxm ), (4.24) 

where M is a matrix over C, j < I and i < k. According to ([2] page 111), Lagrange found 
this identity for n — 3, Desnanot proved it for n ^ 6, Jacobi proved his general theorem, C. 
L. Dodgson - better known as Lewis Carroll - used it to derive an algorithm for calculating 



determinants that required only 2x2 determinants ("Dodgs on's condensation" method 

p). 

Considering the case m = 2 of Theorem 14.51 we obtain the following non-commutative 
g-generalization of this formula. 

Proposition 4.6. Consider a two-sided invertible q-Manin matrix M (i.e. 3M _1 : M~ l M 
MM^ 1 = 1). Then for 1 ^ %\ < i 2 ^ n, 1 ^ j ^ n and 1 ^ j\ < ji ^ n 

det, M (MrjM-j - qM~}Mrj) = 0, (4.25) 

det, M {M-}M-) 2 - qM-lM~l) = (-q)^^ det, (M\ {jlhMli2) ) , (4.26) 

det, M (M-) 2 M-X - qM-] 2 M-l) = (-g)^-n^ + 1 det, (Af X(Wa)X(ilfa) ), (4.27) 
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where are entries of the inverse matrix M 1 and M\^j 1 j 2 )\^ 1 i 2 ) as usual is the (n — 
2) x (n — 2) matrix obtained from M deleting rows j\,j 2 and columns ii,i 2 - 

Remark 4.5. In the commutative case, i.e. q — 1 and [My, M^] = 0, one has det(M\j\j) = 
det M ■ M^ 1 and then both formulae (T4261) and (fl~2TD imply the formula (l4?Hl) 
of Lagrange, Desnanot, Jacobi and Lewis Caroll. 

Remark 4.6. Using the formula for the left adjoint matrix M adj = det, M ■ M _1 one can 



rewrite the relations (I4.25I) - (I4.27I) in the form 

M$Mr) - qM^M-j = 0, (4.28) 

- vKt M ^ = {-qT +h - 1 ^ det, (M\ UlhMli2) ) , (4.29) 

M il M hh - QM&Kji = (-qT +h ~^ +1 det, (M\ Ulhmii2) ), (4.30) 



where 1 ^ i\ < i 2 ^ n, 1 ^ j ^ n and 1 ^ j\ < j 2 ^ n. The formulae (I4.28l) -( l4.3(jp 
are still valid if the matrix M is invertible only from the right, where M~ x is some right 
inverse: MM -1 = 1, (see Appendix IB"]). 

4.2.2 The inverse of a g-Manin matrix is a g~ 1 -Manin matrix 

In [I], [5] it was proved that the inverse of a two-sided invertible Manin matrix (the case 
q = 1) is again a Manin matrix. There, it was also shown that this fact has a series of 
applications. Here we present its analogue for g-Manin matrices. 

Consider a right invertible g-Manin matrix M with left invertible g-determinant det, M. 
The left invertibility of det, M implies the left invertibility of M (Corollary 13.4. ip . Then 
according to the Corollary 14.4.11 the two-sided invertibility of M implies the right in- 
vertibility of det, M. In this way that the matrix M and its g-determinant det, M are 
two-sided invertible; i.e., there exist a matrix M _1 and an element (det, M) _1 such that 

M~ X M = M~ X M = l nxn (4.31) 
(det, M)" 1 det, (M) = det, (M) (det, M)" 1 = 1, (4.32) 

Notice also that due to the corollaries 13.4.11 14.4.11 they are related as 

M- 1 = (det q M)- 1 M adj , (4.33) 
(detgM)" 1 = deV^M^ 1 ). (4.34) 

Theorem 4.7. // a q-Manin matrix M is invertible from the right and its q-determinant 
det, M is invertible from the left then the inverse matrix M^ 1 is a g" 1 -Manin matrix. 

Proof. Due to the left invertibility of the g-determinant of M one can multiplying the 
equations (14.251) . (I4.26p . (14.271) by (det, M) -1 from the left. In the first equation we obtain 

M-)M-} - qM-}Mr] = 0, (4.35) 

where i\ < i 2 . Comparing the last two equations one gets 

Mr 1 M~ l - qM' 1 M" 1 = -q~ x M~ x M~ l + M~ l Mr 1 . (4.36) 

where i\ < i 2 , ji < j 2 - So that we derive the commutation relations for the entries of a 
g~ 1 -Manin matrix (see the formulae (12. II) . (12.21) ). □ 
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4.2.3 Schur complements 



Here we apply Theorem 14.51 to the Schur complements. Let M be an arbitrary n x n 
matrix over a non- commutative ring, which we consider partitioned in four blocks: 

M = Q , (4.37) 

where A, B, C and D are m x m, m x (n — m) , (n — m) x m and (n — m) x (n — m) 
matrices respectively. 

Suppose first that the matrix M is left-invertible and let M _1 be its left inverse, to be 
analogously partitioned into 



M" 1 = ~ ~ . (4.38) 




Suppose also that the matrices A and D are right-invertible. Then A(A — BD 1 C) = 1 
and D(D — CA~ l B) = 1, where A~ l and D~ l and let A" 1 and D~ x are right inverses of 
A and D respectively. 

If the matrix M is right-invertible with right inverse of the form (I4.38P and the matrices 
A and D are left-invertible then (A - BD~ X C)A = 1 and (D - CA- 1 B)D = 1, where A~ l 
and D~ x are left inverse of A and D respectively. So finally we have the following lemma. 

Lemma 4.8. If M, A and D are two-sided invertible then the matrices A and D defined 
from (I4.38p are also two-sided invertible and 

A' 1 = A- BD^C, IT 1 = D- CA^B. (4.39) 

Definition 6. The matrices A — BD~ l C and D — CA~ l B are called Schur complements 
of the blocks D and A respectively. 

In terms of multi-indices we have 

A = M Hl D = M VV , A = Mjj\ D = M V \ T , (4.40) 

where I = (1, . . . , m), \I — (m + 1, . . . , n). Using (14. 39ft and (I4.40p we can apply Theo- 
rem 1431 (the case / = J = (1, . . . , m)) to the Schur complements. 

Proposition 4.9. Let M be a q-Manin matrix and let A and D be its submatrices defined 
by the formula (14.371) (which are also q-Manin). Suppose M, A D are right-invertible and 
their q- determinants det q M , det g A and det g D are left-invertible (hence they all are two- 
sided invertible). Then the Schur complements (I4.39P are q-Manin matrices as well and 
their q- determinants satisfy the relations 

detgM = det g Ddet q (A- BD^C), det 9 M = det g Adet g (D — CA~ l B). (4.41) 
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Proof. In order to prove that Schur complements are g-Manin we show that the matrices 
A and D defined by the formula (I4.38[) satisfy the condition of Theorem 14.71 (replacing 
q by q~ v ). First let us note that the matrix M satisfies the conditions of this theorem 
and hence the inverse matrix M~ l is g -1 -Manin. The matrices A and D are also q^ 1 - 
Manin as submatrices of M~ x . Lemma [4.81 implies that the matrices A and D are two- 
sided invertible. Then, writing down the formula (I4.16P for I = J = (l,...,m) and 
I — J — (m + 1, . . . , n) and taking into account (14.401) we obtain 

det^-i A = (detq M)~ l det q D, det q -i D = (det q M)" 1 det g A. (4.42) 

This implies that the g _1 -determinants det 9 -i A and det^-i D are also two-sided invertible. 
Applying Theorem 14. 7l to g~ 1 -Manin matrices A and D we conclude that their inverse A" 1 
and -D -1 , i.e. the Schur complements (14.391) . are g-Manin matrices. The formulae (14.411) 
follow from (I4.42p if one takes into account the equality 

(detg-i I)" 1 = det^l" 1 ) = det g (A - BD^C), (4.43) 
(det ? -i by 1 = det q (D^) = det q (D - CA~ l B), (4.44) 

(see the formula (14341) ). □ 



4.2.4 Sylvester's theorem 



Sylvester's identity is a classical determinantal identity (see, e.g. [20J theorem 1.5.3). 
The Sylvester identities for the non commutative case were discussed, in the framework 
of the theory of quasi-determinants, in [22], and, using combinatorial methods for the q- 
analogues of matrices of the form 1 + M in [21] . Here we show that for g-Manin matrices 
the identity easily follows from the Schur Theorem 14.91 For the sake of simplicity, we shall 
suppose that all matrices are two-sided invertible as well as their determinants. 



Let us first recall the commutative case: Let A be a matrix (a 



denote: 



A, 



ij Jmxmi 



take n < i, j < m; 



( an a i2 

a 21 a 22 



a ln\ 

a 2n 



O-i* — &i2 



'*.) 



Define the (m — n) x (m — n) matrix B as follows: 



/ a>ij\ 
a 2j 



\ a njJ 



(4.45) 



B 



ij 



det 



A a 



*j 
a>ij 



B = (B, 



(4.46) 



Then 



detB = det A ■ (detA,)™-"- 1 . 



(4.47) 
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Theorem 4.10. (Sylvester's identity for q-Manin matrices.) Let M be m x m a q-Manin 
matrix with right and left inverse; take n < i, j < m and denote: 



/Mu M 12 ••• M ln \ 
M 21 M 22 ••• M 2n 



M„ = (Ma M i2 ■■■ M in ) , M 



*j 



\M nl M n2 ■■■ M nn ) 
Define the (m — n) x (m — n) matrix B as follows: 



B i:j = (det^Mo))" 1 -det 



M 

1 V M« My 



B = (Ba 



ij )n+l<i,j<rn- 



Then the matrix B is a q-Manin matrix and 

det g B = (detgMo)" 1 • det g M. 



/My\ 



M 



2j 



(4.48) 



(4.49) 



(4.50) 



Proof. Once chosen M , we consider the resulting block decomposition of M, 

M - ( f° *?} \ - (4.51) 



M 2 M 
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The key observation is that the matrix B defined by (I4.49P equals to the Schur com- 
plement matrix: M - M 2 (M 3 )- 1 M 1 . To see this, we use Schur complement Theorem 
(Theorem 14.91) again: 

Bij = (det^Mo))" 1 ■ det g f ^ ] = (det^Mo))" 1 • ((det g (M ))(M i - M^M^M^)) =(4.52) 

(M 4J - M^M^M^) = (M - M 2 (M 3 )- 1 M 1 )44.53) 



M« M i3 



In particular, we used the Schur formula det 9 (M) = det q (A)det q (D — CA~ 1 B) for blocks 
Mq = A, M*j = B, M« = C, Mij = D, the last being a 1 x 1 matrix. The theorem 
now follows from the Schur property of the matrix B immediately; indeed, B = (Mo — 
M 2 (Ma) _1 Mi) is a g-Manin matrix, since a Schur complement is a g-Manin matrix by 
Theorem 14.91 Then det q B = (det^Mo) -1 • det^M follows from the formula 14.411 for the 
determinant of Schur complements. □ 



4.3 Pliicker relations: an example 

In this subsection we shall briefly address the problem of the existence and of the form of 
Pliicker relations for g-determinants of g-Manin matrices (giving an example). On general 
grounds (see [2S]) we know that quasi-Pliicker identities exists within the theory of quasi- 
determinants of Gel'fand-Retakh- Wilson. For g-Manin matrices, these identities acquire 
a form that (up to the appearance of suitable powers of g), is the same as that of the 
commutative case. We shall only deal with the case of the Pliicker identities in the case 
of g — GV(2, 4), which is sufficiently enlightening. The analysis of the generic case can be 
easily performed with some combinatorics. 



35 



Proposition 4.11. Consider a 4x2 q-Manin matrix A, and let Tiij be the q-minors made 
from the i-th and j-th rows of A. Then it holds: 

(7T127T34 + q~^U^Vl) - {q' 1 ^13^24 + q~^2^V&) + q~ 2 (^14^23 + ^23^14) = (4.54) 

Proof. The proof is basically the same as in the commutative case. Consider the 
g-Grassmann algebra C[^i, ....,^4], and the variables ^i,ip2 defined as: 

$1,^2) = (^1,^2,^3,^4) -A (4.55) 

It is clear that ipi A ip2 = ^ij^i A tyj- By the defining property of g-Manin matrices 
in terms of coaction on g-Grassmann variables (Proposition 12. ip . ipi and ip2 are again 
Grassmann variables. Hence (ipi A 1P2) 2 must vanish. If we write explicitly this vanishing 
relation, taking into account the g-commutations between the ip/s, we get the Plucker 
relations f l4T54) . □ 
Remark. Formula (I4.54p can be compactly written as 

^ g _mv(fT) 7r CT( i) .(2)7r .(3) CT(4 ) = 0, 

that is the formula proven in ([26]) for the quantum matrix algebra, where S' 4 is the subset 
of the group of permutations of four objects satisfying <r(l) < er(2), a(3) < cr(4). 



5 Tensor approach to g-Manin matrices 

In previous sections we mainly considered the g-Manin matrices over a non-commutative 
algebra £H as homomorphisms from the corresponding Grassmann algebra to the tensor 
product of this algebra with £H. Indeed, in Sections [31 IH we have used formula ipj = 
'Y^i=i' l PiMij- Another option is to work with them as with linear maps from the vector 
space C n to 9 c t<8>C n , or in other words as with matrices over the non-commutative algebra 
¥{. In this case we shall interpret the g-determinant and g-minors in terms of certain 
higher tensors. Therefore one can call that tensor approach. 

The approach used above is more natural to consider algebraic properties of g-Manin 
matrices, while the tensor approach is more useful in area of application to the quantum 
integrable systems. In this section we are going to reformulate some of the notions pre- 
sented in previous Sections of the paper as well as to derive some new properties directly 
applicable to quantum integrable systems described by Lax matrices. 

5.1 Leningrad tensor notations 

Let us remind tensor notations known as Leningrad notations. First we shall identify ah 
with a <g> b for a e 9t and b e End(C n )® Ar , where N is a number of tensor factors. I Let 

6 Here we consider <S> End(C")® Ar as a right <K-module and a left End(C")' 8,Ar -module. 



36 



{Xi} be a basis in the space End(C n ) and C G SH® End(C n ) lX,7V be a tensor over the 
algebra D\. Then C can be written in the form 

C = C *i,-M- {X h ®X h ®---®X £N ), (5.1) 

where Ct Umt i N G 9t and X^ G End(C n ), i = l,...,iV. Introduce the notation C^ kl '-' k ^ 
(Leningrad notation) for an element of %\ <E> End(C n )® 7V , where iV' ^ N. It is defined as 

Q(k u ...,k N ) _ ^ C^...,^- (5.2) 

• (l <8 ■ ■ • <8 1 <8 X^ <8 1 <8 - • • <8 1 <8 X & <8 1 <8 (8) 1 <8 X % (8) 1 O ■ ■ ■ (8) l) , 

where each Xi i is placed in the fcj-th tensor factor (obviously 1 ^ hi ^ N'). For example 

let N = N' = 2, and C = J2e u e 2 C h ,i 2 X h <g> X £a ; then 

C (i2) = ^ C h>i2 ■ {X tl (8) 1)(1®4). C (21) = ' (1 ® ® !)• (5-3) 

Their product reads as 

C (i2) c( 2i) = ^ C^-C^-^^X^)®^®^). (5.4) 

Let -Ejj be the standard matrices with entries (Eij)ki = $ik$ji- Then the set {EV,- | 
z, j = 1, . . . , n} is a basis in End(C n ) and each matrix M G IK (8 End(C n ) is decomposed 
as M = ^^=1 MijEij, where G $K are entries of M. Let {ex, . . . , e n } be the standard 
basis in C n : (ej) J = <5|, so that E^e^ = Skjei. Then in this basis the action of the 
matrix M reads Mej = Y^=i ^ij e i- According to the Leningrad notation the tensor 
M^M® ■ ■ ■ M( m ) can be written as 

M^M^ . . . M ™ = M hjl M i2j2 ■ ■ ■ M imjm ■ (E hjl s E i2j2 ® ■ • • ® E lm3m ) . (5.5) 

5.2 Tensor relations for g-Manin matrices 

In this section we present the defining relations for Manin matrices in the tensor notations. 
We also present important higher order relations following from these defining quadratic 
relations. 

5.2.1 Pyatov's Lemma 

Let P q G End(C™ ® C n ) be the g-permutation operator: P q (ei (8 ej) = q~ sqn ^~'^ej (8 
The matrix of P q (which we denote by the same symbol) can be written as 

n 

P g =J2 q S9n{i ~ j) Eij (8 Eji. (5.6) 
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As the usual permutation matrix P 1 (when q — 1) it satisfies (P q ) 2 = 1. Introduce the 
following tensors called g-anti-symmetrizer and g-symmetrizer: 

I- pi 1 + Pi 

A q = —J—, S< = • (5.7) 

Notice that these are orthogonal idempotents: (A q ) 2 = A q , (S q ) 2 = S q , A q S q = S q A q = 0. 

The following lemma was suggested to us by P. Pyatov. Let M be a n x n matrix with 
entries belonging to a associative algebra 91 over C. 

Lemma 5.1. (Pyatov's lemma). Matrix M is a q-Manin matrix if and only if any of the 
following formulas holds: 

M (1) M (2) - P q M (1) M (2) P q = P 9 M (1) M (2) - M (1) M (2) P 9 , (5.8) 

A q M (1) M {2) A q = A q M (1) M {2 \ (5.9) 

S q M (1) M {2) S q = M (1) M (2) S q , (5.10) 

(I- P q )M {l) M i - 2 \l + P q ) = 0. (5.11) 

Proof. It is easy to see that the matrix equations fl5.8l) - fl5.11l) are equivalent to each other. 
Rewriting, for instance, the equation (I5.8p by entries one yields exactly the relations (12.31) . 

□ 

Lemma 15.11 can be considered as a definition of g-Manin matrices in the tensor form. 
For instance one can construct g-Manin matrices from RLL- relations (see Section [6]) using 
the relation (15.91) in the form given by the following 

Lemma 5.2. If the matrix M satisfy the equation 

A q M il) M { - 2) =TA q (5.12) 
for some matrix T G %\ <8> End(C n ® C n ) then M is a q-Manin matrix. 

Proof. Multiplying (15.121) by A q from the right and taking into account the equality 
A q A q = A q we obtain 

A q M {1) M {2) A q = TA q . (5.13) 

Using again the equation (I5.12p we can substitute TA q in the right hand side by A q M^M ( - 2 \ 
So we derive (15. 9p and hence M is a g-Manin matrix due to Lemma 15.11 □ 

Lemma 5.3. Since (p9)( -1 ) = P q 1 an n x n matrix M is a q-Manin matrix if and only 
if any of these formulas holds: 

M^M^ - pi-'M^M^P^ 1 = P« _1 M^MW - M^M^P 9 " 1 , (5.14) 

A^M^M^A^ 1 =A q ' 1 M^M ( - 1 \ (5.15) 

S^M^M^S 5 " 1 = M^M^S q ~\ (5.16) 

A rl M (2) M (1) 5 rl =0. (5.17) 
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Since (P q ) T = P q 1 the transpose matrix M T is a g-Manin matrix if and only if any 



of the formulae holds: 

M«M (2) - P q ~ l M (1) 'M (2) P 9 " 1 = M (1) M (2) P 9_1 - P 9_1 M (1) M (2) , (5.18) 

A^M^M^A^ 1 = M {1) M {2) A q ~\ (5.19) 

S crl M w M {2) S^ 1 = 5 9_1 M (1) M^, (5.20) 

5 9_1 M (1) M (2) A 9_1 = 0, (5.21) 

M (2) M (1) - P«M {2) M {1) P q = M (2) M (1) P 9 - P"M (2) M (1) , (5.22) 

^ M (2) M (i) A <? = m (2) M (1 M 9 , (5.23) 

S q M {2) M^S q = S q M { - 2) M {l \ (5.24) 

S q M {2) M {l) A q = 0. (5.25) 



5.2.2 Higher g-(anti)-symmetrizers and g-Manin matrices 

Consider the group homomorphism ix q : & m — > Aut ((C 1 )®" 1 ) defined on the generators 
of & m by formula 

n 

7r q (a k ) = (P")( fc ' fc+1 ) = q S9nii - j) (l®^ <g> P^- ® P^ <g> i®(m-fc-i)^ ( 5>26 ) 

where <7fc = o"fc,fc+i are adjacent permutations. This is a g-deformation of the standard 
representation of the symmetric group & m on the space (C n )® m . The g-anti-symmetrizer 
and g-symmetrizer acting in the space (C n )® m reads 

A9 m = ^ E ("^M. ^ = ^ E ^ ( 5 - 27 ) 

where (— 1)°" = (— l) mv (°") is the sign of the permutation a E & m . These formulae gener- 
alize the definitions (JSZTJ) as A\ = A", SI = S q . 

We can also generalize the relations ( 15. 9 p and (I5.10p for the higher g-anti-symmetrizers 
and g-symmetrizers. 

Theorem 5.4. Let M be an n x n q-Manin matrix. The tensor A^M^ ■ ■ ■ is 
invariant under multiplication by the q-anti-symmetrizer from the right: 

A q m M {1) ■ ■ ■ M (m) = A q m M {1) ■ ■ ■ M {m) A q m . (5.28) 

The tensor ■ ■ ■ M^'S^ is invariant under multiplication by the q-symmetrizer from 
the left: 

M (i) . . . M (m) S q m = S q m M w ■ ■ ■ M^ m) S q m . (5.29) 
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Proof. Let us note that the formula (I5.28P is equivalent to the following proposition: the 
tensor A^M^ ■ ■ ■ is anti-invariant under multiplication by any element r £ & m in 
the representation 7r q from the right: 

A q m M {1) ■ ■ ■ M (m) = (-l) T A q m M {1) ■ ■ ■ M (m) 7r g (r). (5.30) 

Indeed, since (— 1) T A^iiqir) = A^ the right hand side of (15.281) is invariant under multi- 
plication by (— l) T 7r (? (r) from the right and hence (I5.30p holds. Conversely, summing the 
formula (I5.30p over r £ & m and dividing by ml yields (I5.28p . 

Since the formula (I5.28P have been already proved for m = 2 (Lemma 15. ip we have 
the relation A q M^M^(-P q ) = A 9 M (1) M (2) or equivalently 

r^q\(k,k+l)j^(k)j^-(k+l)rpq\(k,k+l) _ (J^q\{k,k+1) j^{k) j^{k+l) ^ (5.31) 

To prove the formula (15.301) for general m it is sufficient to prove it for the generators 
r = a k . In this case n q (r) = (p«)(Ws+i). Applying the formula A q m = A* n (A q ) ( - k ' k+r > in the 
right hand side of f)5.30p and taking into account [(A q )( k,k+1 \ M®] — 0, 1 ^ I < k, and 
[ M (/) ; (_p,)(fc,k+i)] = o, A; + 1 < / ^ m, we obtain the left hand side of OD) . 
The relation (I5.29P is equivalent to the relations 

M W . . . M^S q m = tt ? (t)M« ■ ■ ■ M (m ^S q m , r £ 6 m , (5.32) 

which can be proved in the same way. □ 

Analogously one can obtain the relations 

AfM (m) ■ • -M (1) = ifM (m) ■ ■■M {1) A q m \ (5.33) 
M (i) . . .m^SI 1 = Sl'M m ■ ■■I W S1 1 , (5.34) 

where M is a g-Manin matrix. In particular, any g _1 -Manin matrix M satisfies 

A q m M {m) ■ ■ ■ M (1) = A q m M {m) ■ ■ ■ M m A q m , (5.35) 
M (i) . . . M {m) S q m = S q m M {l) ■ ■ ■ M {m) S q m , (5.36) 

Remark 5.1. Let us remark that for m ^ 3 the relations ( I5.28P and ( I5.29P are not 
equivalent and do not imply that M is a g-Manin matrix. 

5.3 The ^-determinant and the g-minors as tensor components 

The vectors j m = Cj l <S> ■ ■ ■ ® e Jm form a basis of the space (C n )® m . Each tensor (over 
C or JH) can be decomposed by entries with respect to this basis (and its dual). Here 
we obtain the relation between components of the tensor (I5.28P and m x m g-minors the 
matrix M. 
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5.3.1 Action of the g-anti-symmetrizer in the basis {ej 1 ,...j m } 

Let us consider the representation o i— >■ (— l) <J 7r 9 (cr) of the permutation group & m in terms 
of the basis {eji,...,j m }- For the adjacent transpositions its action has the form 

~ 7r k( <J k)^j 1 ,...,j k ,j k+1 ,...,j m — —Q 9 ^ k+1 ^ k e jl,—,jk+l,jk,—,3ml (5.37) 

(not (— qy9 n Uk+i~jk)y Then one can obtain the following formula 

(-irVK Wl ^, = (-?) mv(<TT) " inv(,T) ^ CTT(1) ,...,^ (m) , (5-38) 

where k± < . . . < k m , a,r G & m . It is proved in the same way as (13. 7j) . The action of 
on the basis elements be obtained by summing (I5.38P over all r G <5 m , 

its action on the other elements of the basis is zero: 

^m e fc CT (i),---,fc CT (m) = ~\ (—q) mv ^ mv( ' cr ' > efc (TT(1)) ... ) fc (Tr(m) , A q m e. = 0. (5.39) 

r£6 m 

For the multi-indices / = (ii, . . . , i m ) and J = (ji, . . . ,j m ) we will use the notation 
M* 1 '"''* m = Mrj for an n x n matrix M, that is ilf n ''"'* m is the mxm matrix with entries 

(^ii "il)fci = Mi k ,j r This is the matrix consisting of the entries of the matrix M lying in 
the intersection of i^-th row and ji-th column. For example, Mj = are corresponding 
entries of M. 

5.3.2 Components of the tensor A q m M^ ■ ■ ■ M (m ^ 

Let us denote by {e n '---' Jn } the basis of ((C)®" 1 )* dual to the basis {ej lv ..j m = e^®. . -<8>ej m } 
of (C)^ m , i.e. (^e^^i-^. 

Lemma 5.5. Lei M &e an arbitrary n x n matrix (over an algebra IK), then the tensor 
A^M' 1 ' • ■ ■ M*"^ /ias i/ie following components 

(e-W,- ^ • • • lW e31 ,...,J = 0, (5.40) 

( e k„ m ,..M™),A q m MW . . . M^e ju ... ijm ) = ^(-<l) mv{cT) det <? ( M fc'.jtr)' ( 5 - 41 ) 

where hi < . . . < k m , a G (3 m . 

Proof. Substituting the action of the matrix M on the basis {e.,} in terms of its entries 
we obtain 

n 

( e '..^ )A1I (i)... M H e . .J = M SlJ1 ---M SmJm <e i --'-,^e Sl ,..., Sm >. 

Sl,...,S m = l 

(5.42) 

If ii = ii> = i for some I ^ I' then the covector e H '--- ,lm = e -A-,v-- j s orthogonal to the image 
of the operator A q m (see the formula ( I5.39P ). hence the corresponding components (I5.42p 
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vanish - yielding the formula (I5.40j) . Otherwise the indices ii, . . . , i m are pairwise different 
and can be represented as ii = k a m for some a G & m and k±, . . . ,k m such that k\ < . . . < 
k m . On the other hand the action of A q m vanishes on the vectors e Sli ... jSm if si = si> for 
some / 7^ /'. It means that the sum in ( I5.42p reduced in this case to the sum over the 
indices si, . . . , s m that are represented as si = r a >^ for some a' G & m and r 1 , . . . ,r m such 
that r\ < ... < r m . Substituting ii = k a ^ and si = 7V(q to (I5.42p and calculating the 
action of on the basis vectors by the formula (I5.38P we obtain 

( e ^m,-M™)^ A q m M {1) ■ ■ ■ M (m) ejli ... Jm ) = 

= ^ E E M v m * ■ ■■Mr al{m) ^e k ^ k ^\ (-lJ^V^r- 1 )^,..^) = 

cr',re6 m r\<...<r m 

= — T M r „ , • • ■ M r „ s X 

m ] / / / / r <r'(l)Jl r V(,7*) Jm 

ff',reS m ri<...< 

x (-g) inv(CTV) " inv(CT,) e rCT , T{1) ,..., rff , r(m) > = 

= ^ E (-?) inv(CT) " mv(CT ' ) ^ (1) . 1 • = ^(-^) inv(ff) det « { M t:t)> 

cr'e&m 

where we have used formula (13. ip . □ 
Corollary 5.5.1. For a q-Manin matrix M we obtain 

AlM^-.-M^ = ml tet q {M KJ ) Al(E klh ® ■■■®E kmjm )Al. (5.43) 

K=(k t <...<km) 

We denote by tr lv .. !m (-) the trace over the space {€. n )® m . Notice that this trace is the 
composition of the traces over each tensor factor: tri r ,, jm (-) = tri tr 2 . . . tr m (-) . The tensor 
can be considered as a matrix (over 9t) acting on the space (C™)®" 1 . So 
we can consider the trace of this matrix: 

n 

t ri ,..., m {A« m MW . . . MW) = Yl (e kl '-' km , A« m MW . . . M^e kl _ km ). (5.44) 

fei , . . . , k rn = 1 

Corollary 5.5.2. For an arbitrary n x n matrix M the trace (I5.44p has the form 

trw • ■ ■ m^) = ^rE (-^) inv(,7) det « (<;±) CT ' ( 5 - 45 ) 

fel<...<fcm (766 

m 

where (^M^ , '" , £™^ = M^ 1 ^''^ ( } is i/ie matrix M^'"''£™ with columns permuted by a 
(see the subsection \3 . 

In some cases we can rewrite the formula (I5.45P using the Property[2]of Proposition |33J 
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Corollary 5.5.3. For n x n matrices M satisfying the relation (12. 2p (in particular for q- 
Manin matrices ) the trace of A^M^ 1 ' ■ ■ ■ is the sum of all principal mxm q-minors 

of this matrix: 

tr h ..., m (AIM^...M^)= J2 det 9 (<;±); ( 5 - 46 ) 

m 

in the notations of the Sections [7] we can rewrite it as 

t ri> ... jm (A q m M^ ■ ■ ■ M^) = det * ( M ^k) , (5-47) 

K=(kl<...<km) 

In particular, the trace of A^M^ ■ ■ ■ in this case is the q- determinant of this matrix: 

tr lr .. jn (A q n M w ■ ■ ■ M (n) ) = det, M. (5.48) 

Corollary 5.5.4. Any q-Manin matrix M satisfies the relation 

A q n M^ ■ ■ ■ M (n) = A q n detg M. (5.49) 

Proof. Since the image of the idempotent operator A\ is one- dimensional the Proposi- 
tion 15.41 for m = n implies A^M^ ■ ■ ■ = t n A q n ^ where c n G 1H. Using the formula 
tr lr .., n (A£) = 1 one gets e n = tr lr .., n {A q n M^ ■ ■ ■ MW) = det 9 M. □ 



5.4 (/-powers of g-Manin matrices. Cayley-Hamilton theorem 
and Newton identities 

We remind the definition of " g-corrected" powers for g-Manin matrices and show 
that the Cayley-Hamilton theorem and the Newton identities holcfl 

5.4.1 Cayley-Hamilton theorem 

Remind that (see Definition |4]) that the g-characteristic polynomial of an n x n g-Manin 
matrix M is the following linear combinations of the sums of principal g-minors: 

/? 

char M (t) = J2(-l) m t m t n - m , (5.50) 

m=0 

where e = 1, t m = £ det, Afc&. 

ii<...<i m 

Definition 7. Let M be an n x n q-Manin matrix. We call q-powers of M the matrices 
defined by the formula 

AfM = 1, MH = tn (p q (M^ m -^) {1) M^. (5.51) 

7 Compare for the rational case with [HE], and for the elliptic case with [55] , 
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Using the notation A* q B = ti 1 [P q A w B {2) )) = V^/-'" 1 -' /•;,/, one can write 

M [m] = M [m-i] ^ jvf = (. . . ((M * g M) *, M) * q . . . * q M), (5.52) 
(it is a polynomial of order m in the matrix M). 
Example 5.1. The second g-power M' 2 ' = tr x (P q M^M^) looks as 



_ ( a + qbc ab + db \_( a 2 + qbc ab + qbd \ 
M ~ V ac + dc d 2 + q- 1 cb )~\ q^ca + dc d 2 + q~ l cb J ' ^ b6} 

Theorem 5.6. (c.f. fThlJ) Any n x n q-Manin matrix annihilates its characteristic poly- 
nomial by its q-powers via right substitution: 

n 

^(-l) m e m M[ n " m ] = 0. (5.54) 

m=0 

Example 5.2. The Cayley-Hamilton theorem in the case n = 2 reads: 

M [2] - tr(M)M + det g (M)l 2x2 = 0. (5.55) 

Proof. Let us start with a proof of the following formulae 

mtr 1 ,..., m _ 1 (>4«,M (1) • • • M (m) ) = (5.56) 
= e m _!M - (m - 1) tr li ..., m _ 2 (^_ 1 M( 1 ) • • • M^" 1 )) *, M. (5.57) 

Using A q m = - (m - l)(P ff ) (Tn " 1,Tn) )A*,_ 1 and Corollary yields 

mtn,..., m _i(^ l M«-..M^) = 

= c m _!M - (m - 1) tn,...,^! (^L-iCP^^-^^-iAfW . . . M (m)y (5 58) 

In the (I5.58P we can apply Proposition 15.41 for m — 1 and use periodicity of trace to 
present it in the form 

- (m - 1) tn,..., m _i {{P q ) {m - l > m) A^M^ ■ ■ ■ M {m) ) = 

= _( m _ i) t r m {{P q f m - l ' m \ti l _ m . 2 A q m _ l M^ ■ ..M^-^M^) = 

= ~{m - \){trx,..., m -2 K-iM® ■ ■ ■ M^" 1 )) *, M. (5.59) 

So, the formula (15.561) is proven. Iterating it one obtains 

m— 1 

m(-l) m - 1 tr lj ... >m _ 1 (^ n MW ■■■M™) = ^(-1)* 't k M^ m ~ k \ (5.60) 

fc=0 



The formula (15.541) is a particular case of (I5.60P corresponding to m = n. Indeed, tak- 
ing the trace over the first n — 1 spaces in the formula (I5.49P and taking into account 
tri,.„, n -i A q n = i we have tri,..., n _i A«M (1) • • • JlfW = ±e n . □ 
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5.4.2 Newton theorem 

The classical Newton formulae are relations between elementary symmetric functions 
Si<m< <i m ^n ^ii ' " " ^im an d sums °f powers Y^l=i ^k- They allow to inductively express 
elementary symmetric functions via the sums of powers and vice versa. These functions 
can be presented as sums of principal minors and as traces of powers of the matrix 
diag(Xi, . . . , A n ). The Newton formulae can be represented in the matrix form, which is 
valid for any square number matrix. In [U |5] they were generalized for (q = 1) Manin 
matrices. Here we present a version of the Newton formulae for g-Manin matrices. 

Theorem 5.7. (c.f. 175]/) For any n x n q-Manin matrix M and any m ^ we have the 
relations 

m—l 

mz m = ^(-l) m+fc+1 e fc tr(M[ m - fc ]), (5.61) 

fc=0 

where z m = for m > n. 

Proof. Note that the formula (I5.60P is still valid for m > n if we put = for k > n. 
Taking the trace over the left space in this formula we obtain (I5.6ip . □ 

Example 5.3. Let n = 2, M = ( a c b d ). Then c = 1, l\ = tr(AfW) = trM = a + d, 
e 2 = det 9 M = ad — q~ l cb, e 3 = c 4 = . . . = 0, tv(M^) = a 2 + qbc + d 2 + q~ l cb, tr(Afl 3 ]) = 
a 3 + qbca + qabc + qdbc + q~ x acb + q~ l dcb + d 3 + q~ l cbd. One can explicitly check the first 
tree (non-trivial) relations 

d = tr(M [1] ), 2e 2 = -tr(M [2] ) + dtr(M [1] ), = tr(M [3] ) - eitr(M [2] ) + e 2 tr(M [1] ). 
Using them one can express tr(Af[ 3 l) via tr(AfW) and tr(M^) only: 

tr(M [3] ) = tr(M [1] ) tr(M [2] ) + ^ tr(M [2] ) tr(M [1] ) - ]- ( tr(M [1] )) 3 . (5.62) 

Analogously one can express tr(AfW), tr(Ml 5 ]) etc. 

Let us now consider the first three relations for general n 

e 1 =tr(MW), e 2 = -itr(M[ 2 ]) + ^e!tr(MW), (5.63) 

e 3 = - tr(M [3] ) - -ei tr(M [2] ) + \t 2 tr(M [1] ). (5.64) 
o o o 

Substituting them iteratively we can express Ci, e 2 , e 3 via traces of g-powers: 

d = tr(M [1] ), (5.65) 
e 2 = 



-tr(Af[ 2 l) + -(tr(MW)) 2 , (5.66) 



c 3 = -tr(M [3] ) - -tr(Af [1] )tr(M [2] ) - - tr(M [2] ) tr(Af [1] ) + - ( tr(M [1] )) 3 . (5.67) 
3 3 6 6 ' 
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Thus iteratively substituting the first k relations (15.61]) (divided by m) we can express tk 
via the traces of g-powers tr(AfW), . . . ,tr(M^) for any k = 1, . . . ,n. Note also that if 
m > n then the first m relations (I5.6ip allow to express tr(AfM) via tr(AfW), . . . , tr(AfM) 
as in the example. 

Conversely, one can express the traces of g-powers of a g-Manin matrix via Ci, . . . , e n . 
Indeed rewriting (I5.6ip as 

m— 1 

tr(M w ) = (-l) m+1 mc m + ^(-l) fe+1 e fc tr(M [m " fc] ) (5.68) 

k=i 

and after iterative substitutions one can express via Ci, ... , c m . For example the 

first three relations give us 

tr(M [1] ) = ei, (5.69) 
tr(M [2] ) = -2e 2 + c?, (5.70) 
tr(M [3] ) = 3e 3 - 2eie 2 + c? - e 2 Ci. (5.71) 



5.5 Inverse to a g-Manin matrix 

Here we obtain some tensor relations for the inverse to a g-Manin matrix and investigate 
the conditions when these relations holds. First consider a g-Manin matrix M over the 
algebra d\ invertible from the right with the g-determinant invertible from the left (as in 
Theorem 14. 7p . Then there exists a two-sided inverse M -1 , which is g _1 -Manin matrix. 
Due to Lemma 15.31 it satisfies 

A q {M~ v f\M~ l ) w A q = A 9 (M _1 ) (2) (M _1 ) (1) . (5.72) 

Suppose that M -1 is an n x n matrix satisfying ( 15. 72 p . According to Lemma [5.31 this 
is a g _1 -Manin matrix. In particular, it satisfies the relation ( I5.35p . which takes the form 

A q n (M~ i y rn ' > ■ ■ ■ (M- l )^A q m = A q m (M- 1 )^ ■ ■ ■ (M- 1 )^. (5.73) 

Also from Corollary 15.5.31 we obtain 

tri,...,™ (ACiM-*)® ■ ■ ■ (M- 1 )^)) = t rii ..., m (AKM- 1 )^ ■ ■ • (M- 1 )^) = 

= Yl det^C^i). ( 5 - 74 ) 

K=(k 1 <...<k m ) 

In particular one has 

tn,...,,, (AKM- 1 )^ ■ ■ ■ (M" 1 )^) = deV^M" 1 ). (5.75) 

Then taking the trace in the both hand sides of the relation 

AUM' 1 )^ ■ ■ • (M- 1 )^ = c n Al (5.76) 
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where c n G 91 

Using (I5.73P we obtain 

A«(M- 1 )^---(M- 1 )W =A«deVi(M~ 1 ). (5.77) 

Proposition 5.8. Let M be n x n right-invertible matrix over the algebra D\. Assume 
that there exists a matrix B e 9^1 <8> End(C n (g) C n ) stzc/i t/iat 

BA q M i - 1) M {2) = A q . (5.78) 

JTien the right inverse M~ l is a q~ l -Manin matrix and satisfies consequently the rela- 
tions fl5T72|) - fl5T7D . 

If in addition M is a q-Manin matrix then its determinant is invertible from the right: 

detgMdeV^M- 1 ) = 1,. (5.79) 

Moreover if M is invertible from the left in this case then its determinant is invertible 
from the left: 

det,-i (M _1 ) det 9 M — I. (5.80) 
Proof. Multiplying (157781) by (M _1 )^(M _1 )W from the right we obtain 

BA q = A q (M- 1 Y 2 \M~ 1 Y 1 \ 

which implies (15.721) (c.f. Lemma 15.21) . Hence M~ l is a g _1 -Manin matrix satisfying 
also fl5T731 - fl5T77D . If M is g-Manin then the relations (157281) and (157411 hold. Mul- 
tiplying ( 15735]! with ( 15777]) and using ( 1572S]) we obtain A* = A q n det 9 Mdet^-^M" 1 ), 
which implies (I5.79p . If M is invertible from the left then M~ l M = 1 for any right 
inverse M _1 . Hence multiplying (I5.77P with (I5.49P and using ( I5.73P we obtain A q n = 
A q n det g -i(Af -1 ) det 9 M, which implies (15780]) . □ 
Conversely if the determinant of a g-Manin matrix M is left invertible then there exists 
a matrix B satisfying (15.781) . It can be given in the form B = ^2i<j B^E^^Eji — qEj 

En) where 



k<l 



B% = ^{-q) k+l - l - 3 {^t q M)-Uet q -,{M K j), (5.81) 

K = \(kl), J = One can check it using the Laplace expansion formula (I3.34p for 

the case m = n — 2 in the form 

J2(-q) k+l -^ det q M KJ det g (M$) = & b - det q M. (5.82) 

k<l 

Thus for a two-sided invertible g-Manin matrix M the left invertibility of det g M is 
equivalent to the existence of the matrix B satisfying ( I5.78p . 

Remark 5.2. The condition (I5.78P is satisfied for some B e 9^®End(C ri £g>C ?l ) if and only 
if there exists B e ^®End(C n <gC n ) such that BA q M^M^ e End(C n ®C n )\{0}. Indeed 
decomposing BA q M w M^ as aA q + 0(1 - A q ) where a, /3 e C and multiplying (1579]) by 
B from the left we obtain (3 = 0. Hence a^O and B = B/a satisfies (15.781) . 
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6 Integrable systems. L-operators 

6.1 L-operators and g-Manin matrices 

Let us consider the trigonometric i?-matrix R{z) G End(C n £§) C n )(z) H : 



1 n 
R(z) = — - [{qz - g" 1 ) E a ® E a+( z ~ !) X Eii ® E n + 

i=i i^j 

+(<? - g" 1 ) ( zEi i ® ^ + ^ ® ^) ) ' (°) 



where i£y are basis elements of End(C n ): E^e^ = 5jk£i and z is a complex parameter. 
It is convenient sometimes to substitute z — u/v: 



R{u/v) = qn '- V E a ® ^+ X) E " ® S w + 

X ("/-v ® E i< + ® • (6-2) 



it — u 

1=1 

, 9 - 



u — V 

Kj 

The i?-matrix satisfies the Yang-Baxter equation 

i?( 12 W2 2 )i? (1 %i/^)i^ (6.3) 
Lemma 6.1. TTie R-matrix (16.1 p at z = q~ 2 has the form 

R( q ~ 2 ) = \-pi = 2A\ (6.4) 

where P q and A q are defined by the formulae (15.61) and (15. 7p . 
Proof. Substituting u = v — q to (16.21) one obtain 

#(<r 2 ) = X ( E « ® ^ ~ <i sgn[i ~ j)E 3i ® E ij) = i-p q - 

□ 

Consider an n x rt matrix L(z) with elements in a non- commutative algebra £H de- 
pending on the parameter z (in general the entries of L(z) belong to 9t[[z, z~ 1 ]]) which 
satisfies i?LL-relation 

R(z/w)L^(z)L^(w) = L ( - 2 \w)L^\z)R(z/w), (6.5) 

where R(z/w) is the R- matrix (16. 2p . The matrix L(z) is called L- operator or Lax matrix. 
Notice that the Hopf algebra U q (gl n ) can be described by a pair of L-operators such that 
the relations (16. 5 p for them are the defining commutation relation for this algebra. 
The basic observation of the present Section is the following 



*Up to inessential changes the i?-matrix is the same as in [301 131] but slightly different from [Tl 121). 
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Proposition 6.2. Let L(z) be an L-operator satisfying (I6.5|) . Then 

M = L(z)q 2z £ (6.6) 

is a q-Manin matrix, where q 2z ~^ is the operator acting as q 2z ~^f(z) = f(q 2 z). Also 
M = L(z) J q~ 2z ai is a q-Manin matrix, where L(z) T is the transpose of L(z). 

Proof. Substituting w = q 2 z to (I6.5P and using (16.41) we obtain 

A q L {l) (z)L {2) (q 2 z) = L (2) (q 2 z)L w (z)A q . (6.7) 

Multiplying (16. 7p by the operator g 4z ^ from the right and using f(z)X zdz = X zdz /(A" 1 z) 
one gets: 

A q L^(z)q 2z ^L^(z)q 2z ^ = (q 2 z)L^ (z)q Az ^ A* . (6.8) 

Then, applying Lemma 15.21 we conclude that the operator M = L(z)q 2z ^ is g-Manin's 
matrix. Replacing z — > q 2 z in the formula (16. 7p one can analogously deduce that the 

matrix M = L(z)q~ 2z ^ = q~ 2z ~^ L(q 2 z) satisfies the relation (I5.23p . □ 

Remark 6.1. Similarly using (I5.15P and (I5.19P one can show that if an L-operator L(z) 
satisfies the relation 

R{z/w)L {2 \z)L {l \w) = L {l \w)L {2 \z)R{z/w), (6.9) 

(which replaces (I6.5P ) then the matrices M = L(z)q~ 2z ~^ and M = L(z) T q 2z ^ are 
g-Manin matrices. 

6.2 Quantum determinant of L-operator 

Now we consider the quantum determinant of L-operators. They were introduced and 
extensively studied by L. Faddeev's school (Kulish, Sklyanin et al.) and play a funda- 
mental role in the theory of affine quantum groups and corresponding quantum integrable 
systems. Remind that the quantum determinants of the L-operators of the Hopf algebra 
U q (gl n ) describes the center of this algebra. 

Consider an L-operator L(z) satisfying (16. 5p . The quantum determinant of L(z) is 
defined by the formula 

qdetL(z) := ^(-g)"^^)^)^,^ 2 .)-^^-^). (6.10) 

T£6 n 

This notion is closely related with the notion of the g-determinant (13.11) of the associated 
g-Manin matrix L(z) q 2nz o^ . 

Proposition 6.3. The q- determinant of M = L(z)q 2z ^ satisfies 

det q M = qdetL(^) q 2nz £ . (6.11) 
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Proof. The proposition is proven simply noticing that, for any permutation r G & n , 

L T (i),i q 2z £ ■ L T(2) , 2 g 2 ^ • • • L T( „), n g 2z * = ^ 
(- g )" im ML T(1)1 ( 2 )L T(2)2 (M • • •L T(B)B (g a ( B - 1 )z) q 2nz ^ . 

□ 

Remark. The same result can be obtained using Corollary 15.5.41 Indeed, substituting 



M = L(z)q 2z az in the formula (I5.49P one gets 

(z)L( 2 ) (g 2 z) ■ ■ • (g 2 ^" 1 ^) = A£ qdet L(z) 



(6.13) 



2zt 



More generally, consider multi-indices I — (i± < . . . < i m ) and J — (ji < . . . < j m ). 
It follows from the structure of the .R-matrix (16. ip that the submatrix Ljj(z) of an L- 
operator L(z) also satisfies (16. 5p with the m 2 x m 2 i?-matrix (16. ip . The corresponding q- 
Manin matrix is the submatrix Mjj = Ljj(z)q 2z s^ of the g-Manin matrix M = L(z)q 
So, the quantum minors of L(z) and the g-minors of M are related via 

det q (M u ) = {-QY^KmhWKwhtf*) ■ ■ ■ Li Tlm)jm (q 2{m - 1] z)q 



2mz-g- 



qdet L u (z) q Zmz ^ . (6.14) 



By virtue of Corollary 15.5.11 we can derive 

AlL^(z)L ( - 2 \q 2 z) ■ ■ ■ L {m) (q 2{m - l) z) = 

£ qdet Ljj(z)Al(E. 



ml 



E imjm )Al. (6.15) 



I=(i\<---<im) 
J={h<-<im) 



Example 6.1. As an application of this formulas we consider the the Gauss decomposition 
of an L-operator: 



/ 1 F a0 (z) \ 



L{z) 



1 J 

/ 1 \ 



/ h(z 
V 



o \ 



/ l 



k n (z) J 

( o \ 



/ 



/ 



V 







\ E Pa (z) 1 
/ 1 F>(z) \ 



Kb) ) 



\ 



(6.16) 



(6.17) 



/ 



If ki(z) and k[(z) are invertible Propositions 13.71 and 16.31 imply 

qdetL(^) = K^k^tfz) ■ ■■k 1 (q 2 ^z) q~ 2nz £ 
= k[(z)k' 2 (q 2 z) ■ ■ ■ k' n {q 2 ^z) q~ 2nz ^. 



(6.18) 
(6.19) 
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6.3 Generating functions for the commuting operators 

As it well known in the theory of quantum Yang-Baxter equations, the Devalued function 

t 1 (z)=tiL(z) (6.20) 
commute with itself for different values of the spectral parameters, i.e., 

ti(z)tiO) = tx(w)ti(z), Vz, w E C. (6.21) 
It means that it generates the commuting operators: 

t x {z) = J2 H k H t = H t H k . (6.22) 



Hence, whenever one of these operators is the Hamiltonian of a quantum system, we see 
that this Hamiltonian admits a family of commuting operators (in the classical limit, they 
are usually called constants of the motion). However, if the size n of the L operator is 
greater than two, then they are generally not enough to ensure simplicity of the joint spec- 
trum (in the quantum case) and/or guarantee the applicability of the Arnol'd-Liouville 
theorem in the classical case. Here we construct the highest generating functions of com- 
muting operators (integrals of motion) in terms of the q-Manin matrix M = L(z)q 2z ~^ . 
Let us introduce the following matrix acting in the space (C n )® m : 

R TO (z 1 ,...,z ro )= JJ RM{zi/zj) = 

= ( J R (1 ' 2) i? (1 ' 3) • • • R^' m A ■ ■ ■ (_R( m -2>™-l) R (m-2,m-l)\ ^ R (m-l,m)\ _ 

= (R&*>) ■ ■ ■ (RPri ■ ■ ■ i.-)) , (6.23) 

where R {i ' j) = R^\z i /z j ). Note that one can rearrange it in the form 

R m ( Zl ,...,Z m ) = R k ( Zl ,...,Z k ) JJ J] R{iJ) ( Z i/ Z j) ^-i''' ,m \zk+l,---,Zm), 

l^i^k fe+l<j<m 

(6.24) 

where k «C m. Using the Yang-Baxter equation (16.31) we can rewrite (16.241) in another 
order: 

R m {z 1 , ...,z m )= R k ( Zl , . . . , z k )^l"-" m) (z k+1 , . . . , z m ) fj f[ R^izi/zj) = 

= R n Rii ' j) ( z i/ Z i) Mz 1 ,...,z k )^i"- ,m \z k+1 ,...,z m ). (6.25) 

l^i^k fc+l<j<m 

There holds (see, e.g. pQ) the 
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Lemma 6.4. 

M m ( 2 , q 2 z, . . . , q^-^z) = m\A q m . (6.26) 

This lemma is proved in the Appendix [A] 

Substituting m = k + l, Zi = g 2 ^ -1 ^ for i — 1, . . . , k and Zk+i = q 2 ^~^w for % — 1, . . . , I 
in (I6.25P and taking into account (16.261) we obtain 

Alfiu(z, w) = AlR^z, w)Al, (6.27) 
where A\, = {AQ^ (A*)^ 1 ^ and 

= n 1 ^ fe n fe+1 ,,^^ j) (^ (4 - j+fc) ^)- ( 6 - 2§ ) 

Similarly one gets 

AlPu{z, w)- 1 = AlPuiz, w^Alf (6.29) 

Writing down the relation (15.281) for the g-Manin matrix M = L(z)q 2z ~^ we obtain 
A q m L^ {z)L® (q 2 z) ■ ■ ■ L (m) (g 2 ^" 1 )*) = A q m L^ (z)L® ( q 2 z ) ■ ■ ■ L (m) (q^ m -^z)A q m . (6.30) 
This implies 

A^Mz, w) = AlMz, w)A{ p (6.31) 

where 

= L^(z)L^(q 2 z) ■ ■ ■ L^{q 2 ^- l h)L^ y \w)L^ 2 \q 2 w) ■ ■ ■ L^ k+l \q 2 ^w). (6.32) 

Remark 6.2. If L(z) is an L-operator satisfying (16.91) (not usual (16.51) ) then the substi- 
tution of the g _1 -Manin matrix M = L(z)q~ 2z ~^ to (15.351) yields 



A q m L [m \z)L {m - l \q- 2 z) ■ ■ -L w (q- 



2(m-l) 



= A q m L {m \z)L^ m - 1 \q- 2 z)---L^(q-^ m - 1) z)A q m . (6.33) 

Proposition 6.5. If L(z) is an L-operator over 91 satisfying (16.51) then the 9i-valued 
functions 

t k (z) = tn,...,* (AlL^(z)L^(q 2 z).--L^(q^- 1 h)) (6.34) 
commute among themselves for different values of the spectral parameter: 

t k (z)t l (w) = t l (w)t k (z), M = 1,2,3,... (6.35) 
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Proof. Due to the i?LL-relation ( 16. 5 p the products of L-operators (16.321) and 

h kj i(z, w) = L^ k+l \q 2 ^w) ■ ■■L^ +2 \q 2 w)L^ k+1 \w)L^\q^ k - l h) ■ ■ ■ L^\q 2 z)L^\z) 
are related as 

Rk,i(z, w)h kt i(z, w) = h k> i(z, w)R k) i(z, w). (6.36) 

Multiplying this equation by R k j(z, w)~ l from the right, by A\ t from the left and taking 
the trace over all the spaces we obtain the equality 

tri,..., fe -H (A q k ^R k!l (z,w)]L kt i(z,w)R k! i(z,w)~ l ) = tr lv .. ifc+i (A q kl L kjl (z,w)). (6.37) 

Using the relations (I6.27p . (I6.3ip . (I6.29P and periodicity of the trace we rewrite the left 
hand side of ( I6.37P as 

trx^k+i (AljR K i(z,w)A q k jh ktl (z,w)R kt i(z,w)~ 1 ) = 

= tri,.„ )fc+ , (A^RjfcXz,^)^ ^^^,^)^^^^,^)" 1 ) = 
= tr 1 ,.„ )fc+ , (R k)l (z,w)Al l UA^w)Al l R kJ (z,w)- 1 Al l ) = 
= tn^+i (R k> i(z, w)A k l L, ki i(z, w)A q k jR k> i(z, w) -1 ) = 
= tri,..., fc+l (Al t1 L kjl (z, w)A q k l ) = tri,..., fc+ , (A q k ^ Kl {z, w)) = t k {z)U{w). (6.38) 

Since the right hand side of (I6.37P equals ti(w)t k (z) we obtain (16.351) . □ 

Remark 6.3. The relations (16.271) . (16.291) follow from the relation (I6.30p for the L- 

operators L<®(z) = fli^i R m (q 2{1 ' j) z/w), L<®(w) = f[ 1<i<k R^iq^h/w)- 1 (sat- 
isfying (16. 5p ) and from (16.33P for the L-operators L^(w) = is£i<cfc R^iq 2 ^' 1 ^ z / w) , 

L {0) (z) = n Ki< ,^ (0,i) (9 2(M) z/w) -1 (satisfying O). Note that in this way we do not 
need Lemma 16.41 since we use the properties of g-Manin matrices instead. 

The functions (I6.34p are related to the sums of its principal g-minors of the g-Manin 
matrix M = L(z)q 2z ^ by the formula 

h{z) = tn,... )fc (A q M^ ■ ■ ■ M^)q~ 2kz £ = det i( M n) <T 2fc < (6-39) 

I=(h<...<i m ) 

The functions (16.341) can be regarded as a generated functions for the integrals of 
motion for the system defined by the Hamiltonians ( I6.22p . They can be in turn gathered 
in the two-variable function 

n 

g(z,u) = Y,(-±) m Uz)u n - m . (6.40) 

m=0 

It is related with the characteristic polynomial: 

n 

char M ( M ) = ^r(-l)"X^)g 2m ^ n - m = g(z,uq- 2z &)q 2nz £. (6.41) 

m=0 
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Comparing it with ( I5.50P we obtain 

t m = t m (z)q 2mz £. (6.42) 
Hence the functions (16.341) equal to sums of the corresponding quantum minors of L(z): 

^ qdet L n (z). (6.43) 

7 = (ii<...<i m ) 

6.4 Quantum powers for L-operators 

Here we apply the Cayley-Hamilton theorem and Newton identities to the g-Manin matrix 
M = L(z)q 2z a^ . In particular, the Newton identities give us a new family of generating 
functions of integrals of motions, which provide a suitable quantum version of the powers 
of classical L-operators. 

Let us use the notation L^(z) defined iteratively by the formulae 

(z) = 1, LH (z) = L [m - 1] (z) * q L(q 2 ^ m -^z) = (6.44) 

= (...( (L(z) * 9 L{q 2 z)) * q Ltfz)) *,.-■*, L(q 2 ^z)) , 

( the notion of the * g -product was introduced in Definition [7]). This definition is related 
with the g-powers of M: 

M [m] = L [m] {z)q 2mz ^. (6.45) 

Applying Theorems 15.61 and 15.71 for M = L(z)q 2z ~^ and taking into account the formu- 
lae ( E3ZD , ([S35D one obtains 

n 

^2(-l) m t m (z)l} n - m \q 2m z) = 0, (6.46) 

m=0 

m—1 

mt m {z) = ]T(-ir+ fc+1 t fc ^)tr {ti m - k \q 2k z)). (6.47) 

fc=0 

Let us consider the Devalued functions 

I k (z)=tr(LW(z)), k = 1,2, (6.48) 

Then the Newton identities (I6.47P can be rewritten in terms of (16.481) as 

m—1 

mt m {z) = Y,{-^) m+k+1 h{z)Im-k{q 2k z). (6.49) 

As we can recurrently express the elements e m and tr(M^) through each other using the 
Newton identities ( I5.6ip the formula ( I6.49P allows us to express t m (z) through Ik(z) and 
vice versa. This leads to the following. 
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Theorem 6.6. The functions (I6.48[) commute with themselves, with each other and with 
the functions (I6.34|) for different values of parameters: 



I k {z)k{w) = Ii{w)I k {z), (6.50) 
I k (z)ti(w) =ti(w)I k (z), (6.51) 

where k, I e Z >0 . 

Proof. Let us prove this theorem by induction. First we note that I\(z) = ti(z) and 
I\{z) commute with itself (for different values of parameters) and with ti(w). Further 
suppose that h(z), h^z), . . . , I m -i(z) commute with itself, each other and with ti(w). 
Since to(z) = 1, this allows to express the function I m {z) through h(z), . . . , I m -i(z) and 
ti(w), I = 1, . . . ,m: 

m—l 

I m (z) = (-l) m+1 mt m (z) - Y,(-l) k tk(z)I m ~k(q 2h z). (6.52) 

fc=i 

This implies that h(z), h(z), ■ ■ ■ , I m (z) commute with the functions ti(w) and with itself 
and each other for different z. □ 
The functions Ik{z) can be considered as generating another set of quantum integrals 
of motion for the system defined by U(z). They form a set of integrals alternative to the 
set of integrals generated by the functions ti(z). 



A Proof of Lemma 6.4 



For each s = 1, . . . , m—l one can move the factor _R( S ' S+1 ) in the product (I6.23P to the right 
using the Yang-Baxter equation (I6.3p . Since R(q~ 2 ) = 2A\ this implies R m = — M. m ii q (a s ), 
where ir q is the representation of symmetric group defined by f)5.26p . This means that for 
any a G & m we have the identity K. m = (— l) fT lR m 7r g (cr). In the other hand, the operator 
A q m satisfy the same identity A q m = (— l) a A^Ti^a). Since 7Tq(cr sr )e... ) j r .. ) j r .. = (with 
subscripts i placed onto the s-th and r-th sites) we have IS^e...^...^... = = mLA^e...^...^.... 
By the same reason taking into account the formula (15.381) we conclude that it is sufficient 
to check the equality (I6.26P on the vectors e^...^ with i\ < . . . < i m . To do it we suppose 
by induction that the equality M m _i = (m — l)!A^ l _ 1 is already proven. Let us substitute 
the explicit expression for the /^-matrices to the result of the action of R m written in the 
form 

K m e n ,..., m = R m ^ lm \ q ^- m ^ 2m \ q 2 ^) ■ ■ ■ R^-^Kq- 2 )^^ = 

= (m-l)\Al_ 1 R {lm \q 2il - m) )R {2m \q 2{2 - m) )---R {m - 1 ' m ^ (A.l) 

Due to the inequality h < . . . < i m each vector R(s+i,m) ^(s+i-m)^ . . . ^.m)^-^ ^ 
is a linear combinations of the vectors ej ls ...,j m where ji, ■ ■ ■ ,j m are pairwise different and 
ji < . . . < j s < j m . Then we can proceed as follows. Substituting the expression (16. ip 
for i?( sm )(g 2 ( s_m )) we see that the first sum and first term of third sum in (16 .ip act 
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by zero, the second sum acts identically and the second term of the third sum acts as 



q-Q' 1 



q 



2(s-m) 



-TX\{a sm ), where t\\ is a representation 7T g at q = 1: 



7I "i( (J ) e ii,...,im = e jCT _ 1(1) ,...j CT _ 1(m) . 
Thus, the expression (lA.lj) takes the form 



(m - ly.Al^l + l m )_^ iK))-(l + ^i(%-g) eil ,..., im . (A.2) 



Opening the big parentheses we obtain 

m— 1 9 



+ ^ E II a 2{ h -m) _ ! • • • a k 3 m) ) en,... >im . (A.3) 



9=1 l^fci<...<fe 9 sgm-l /=1 



Taking into account vri(a)e ilv .. i i m = (g) mv(<T) 7rg(cr)e ili ... i i m and inv(a fcim ■ • • a kgm ) = 2m - 
2ki - g and A q m _ x -K q {a kim ■ ■■<r kgm ) = {-l) 9 ~ 1 A q m _ l 'K q {a kim ) we obtain 



i-E e ^-""n ^j,^ ^^) ( a - 4 ) 

^ q=l l^fci <...<fc„<m-l Z=l ^ ' 



m—l g 
9=1 l^ki<...<k g f^m-l 

The sum over g can be calculated as follows: 



m-l 

e e s 2 *- m, n=TT^. 

9=1 l^fci<...<fc 9 ^m-l 1=1 



;im J 



m-l ^ ^2 m— fei 9 1 g 2 

E ^(^i™)*? 2 ^ 1 ^ 2 (fci-m) _ 1 E E II o2(fc,-m) _ 1 

fci=l y 9=1 fci+l<fc2<...<fe 9 :Jm-l 1=2 H 

m— 1 -, o m— 1 -, o m— 1 

1 — <T tt / 1 — g 



fci=l * s=fci+l ^ A;i=l 



E^(^)g 2(fcl " m) ^bi n (i + ^frr ) = E ^-)- ( A - 5 ) 

Finally, we have 

^ m e h ,..., im = (m - 1) W m _! ( 1 - E 7r ?(°'^) ) e u,-,im = mlAQ m e h,-,im- ( A -6) 

^ fc=i ' 

Thus we have proved the formula ( I6.26P on all the basis {e^...^}. 

B An alternative proof of the Lagrange-Desnanot- 
Jacobi-Lewis Caroll formula 

Here we present an alternative proof of the Lagrange-Desnanot- Jacob i-Lewis Caroll for- 
mula expressed in the form ( I4.28p -( l4.30p that demands the slightly weaker condition of 
right-invertibility on the g-Manin matrix M. 
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Proposition B.l. Let M be a q-Manin matrix right -invertible. Then 

KiKl - iKiM-l = det, (M VjlhMli2) ), (B.2) 

M hL M i2h - 1 M il M fdi = {-qr +h -^ +1 det g {M x{jll2mii2) ), (B.3) 
where 1 ^ ii < ?2 ^ n , 1 ^ J ^ n an d 1 ^ ji < ^ n. 

Proof. Consider g-Grassmann variables ^j. Since the matrix M is g-Manin the variables 
i/jj are also g-Grassmann. The right invertibility of M implies the equality Y^=i ^Pa^as = 
ip s . Multiplying it by t/v^i • • ■ 4>i-iipi+i • • • 4>k-iipk+i • • • from the left we obtain 

n 
a=l 

(B.4) 

The left hand side of this equation contains only two non-vanishing items, for a = k and 
a = i: 

n 
o=l 

= {-qf- n ^i ■ ■■$i-i4>i+i ■ ■■i'nM- 1 + (- g r n+ Vr^i • • -^-i^+i • -iM" 1 (B.5) 
Due to the relation 

Vv<Ai ■ ■ • ^i-iVWi ■ ■ "0n = Vv^i ■ ■ ■ VV-iVv+i ■ ■ • Vv» det 9 = (B.6) 

= (-q) 1 -^^ ■ ■ ■ W-iVv+x • • ■ (B.7) 

we can rewrite (IB. 51) as 

( _ ?)i+fc _ r _ n ^ i .^_^ r+i . . _ gM fc f M,; 1 ). (B.8) 

From the other hand, if r = s the right hand side of (IB.4[) vanish and, therefore, we 
obtain (IB. II) . Otherwise the right hand side of (1B.4I) is equal to 

= Iprlpi ■ ■ ■ 1p r - 1 1p r+l ■ ■ ■ • • • ^r4>s det q . (B.9) 

If r < s then 

-0^1 • • • A-lA+l ■ ■ ■ ^s-l^s+l • • • ^n^s = (-q) S ~ n ^ r ^l ■ ■ ■ ■ ■ ■ i>n, (B. 10) 

and substituting r = j, s = I we obtain (IB. 2ft . If r > s then 

VV^l ■ ■ • ■ • • 1p s -l^ s +l ■ ■ ■ Ipnlps = (-g) S_n+ Vr^l • ■ ■ ■■■tpn, ( B -ll) 

and substituting r = /, s = j we obtain (lB.3p . □ 
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